FINE GRADINGS ON SIMPLE CLASSICAL LIE ALGEBRAS 



ALBERTO ELDUQUE* 

Abstract. The fine abelian group gradings on the simple classical Lie al- 
gebras (including D^) over algebraically closed fields of characteristic are 
determined up to equivalence. This is achieved by assigning certain invari- 
ant to such gradings that involve central graded division algebras and suitable 
sesquilinear forms on free modules over them. 



1. Introduction 

The purpose of this paper is the complete determination of the fine gradings on 
the simple classical Lie algebras over an arbitrary ground field F of characteristic 
0, up to equivalence. 

Fine gradings on the classical simple complex Lie algebras other than S08(C) 
(type D4) were considered in [HPP98] . The arguments there are computational and 
use explicitly that the ground field is the field of complex numbers. The problem of 
whether two of the fine gradings obtained are equivalent is not completely settled, 
so the question of obtaining a complete and irredundant list of the fine gradings 
remained open. 

On the other hand, the gradings on the simple Lie algebra S08(F), for an al- 
gebraically closed field of characteristic 0, have been determined in [DV08j and 
|DMVpr| , where the authors use the results in |HPP98| . However there are some 
missing fine gradings in this last reference. The complete list appears in our Theo- 
rem EUl 

A more conceptual approach to gradings on the simple classical Lie algebras 
have been considered in |BSZ01j . [BShZOSj . [E706] or BWS], based on the study 
of the gradings on associative algebras. (Note that [BShZOS. Theorem 2] contains 
an error which is corrected in [BGOSi theorem 3.6].) Still this more conceptual 
approach does not give criteria to determine when two fine gradings are equivalent. 
Again type D4 is excluded in these papers, and a minor point in ^BZ06 , Proposition 
6.4] is corrected in our Example 13.201 

The assumption on the ground field to be algebraically closed and of character- 
istic will be kept all over the paper. Our approach will be closer to this more 
conceptual approach initiated by Bahturin and his collaborators. 

The main idea here is to assign an invariant to each fine grading on a simple 
associative algebra. A key point in defining these invariants is that given a group 
grading T : R — (Bg^cRg of the simple associative algebra R, there is a central 
graded division algebra D — (Bg^oDg and a graded (necessarily free) right module 
V = ©ggG^g over D such that R is isomorphic, as a G-graded algebra, to the 
algebra of endomorphisms EnduiV), endowed with the natural grading over G 
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induced by the one in V. It is this point of view the one that indicates easily the 
right invariants to be used. 

The central graded division algebra becomes the first component of the invari- 
ants attached to the grading T. Under further restrictions, the right module V is 
endowed with a nondegenerate sesquilinear form. Diagonalizations of such forms 
will give families of homogeneous elements which appear as the second components 
of the invariants. Equivalence classes of fine gradings will then be in bijection with 
suitable equivalence classes of pairs. 

A quite self contained proof of the D4 case will be given, following some of the 
ideas in |DM Vpr] , and using the previous results, in order to complete the list of 
nonequivalent fine gradings in this case too. The existence of outer automorphisms 
or order 3 for the simple Lie algebra of type D4 makes this case the most difficult 
and interesting one. 

But let us start with a review of the definitions. 

Let A be an algebra (not necessarily associative) over our ground field F, a 
grading on A is a decomposition 

T:A^®sesAs (1.1) 

of A into a direct sum of subspaces such that for any si,S2 G S there exists a 
S3 € S with As-^ Ag^ C v4s3 . The grading F is said to be a group grading if there 
is a group G containing S such that Ag-^^As^ C Asj^s2 (multiplication of indices in 
the group G) for any Si, S2 £ S. Then we can write F : ^ = ®g^aAg. The subset 
{g G G : Ag ^ 0} is called the support of the grading and denoted by Supp F (or 
SuppA if the context is clear). If the group G is abelian the grading is said to be 
an abelian group grading. Semigroup gradings are defined in the same way. It was 
asserted in |PZ89j that any grading on a Lie algebra is a semigroup grading, but 
counterexamples were found in |Eld06| and |Eld09a| . 

Two gradings T : A = (BsgsAs and T' : A' ~ (Bg'eS'A'^' are equivalent if there 
is an isomorphism (j> : A ^ A' such that for any s G S there is a s' G S' with 
(j){As) ~ A'g,. The isomorphism (p will be called a graded isomorphism. 

Given two group gradings over the same group, T : A = (BgecAs and F' : 
A' = (Bg^cAg, a G-homomorphism (or G-graded homomorphism) will indicate an 
algebra homomorphism (p : A ^ A' such that 0(^g) C A'^ for any g E G. If 
the G-homomorphism (f) is an algebra isomorphism, then it will be said to be a 
G- isomorphism (or G-graded isomorphism). 

The type of a grading F is the sequence of numbers (ni,n2, . . . ,nr) where Ui 
denotes the number of homogeneous spaces of dimension i, « = 1, . . . , r, n,. 7^ 0. 
(Thus dim^ = J2i=i iT^i-) 

Let F and F' be two gradings on A as above. The grading F is said to be a 
refinement of F' (or F' a coarsening of F) if for any s € S there is an index s' G S' 
such that As C Ag'. In other words, any homogeneous space in F' is a (direct) sum 
of some homogeneous spaces in F. A grading is called fine if it admits no proper 
refinement. 

We will restrict ourselves to abelian group gradings, and hence additive notation 
will be used. Actually, any group grading on a finite dimensional simple Lie algebra 



is an abelian group grading (see Kochpr Proposition 3], where a very complete 



survey of many results and references on gradings on Lie algebras can be found). 
Hence a fine grading will refer to an abelian group grading which admits no proper 
refinement in the class of abelian group gradings. Moreover, since all the algebras 
considered will be finite dimensional, the abelian grading groups will always be 
considered, without loss of generality, to be finitely generated. 
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Given a grading as in (jl.ip , one may consider the abelian group G generated by 
{s € S : As ^ Q} subject only to the relations si + S2 = S3 if ^ A^^Ag^ C As^. 
Then A is graded over G (or G- graded); that is, 

A = (SgeaAg, 

where Ag is the sum of the homogeneous components As such that the class of s 
in G is g. Note that if T is already an abelian group grading there is at most one 
such homogeneous component. This group G has the following property: given any 
group grading A = (BhenAh for an abelian group H which is a coarsening of F, then 
there exists a unique homomorphism f : G ^ H such that Ah — (Sg&f-'^(h)Ag (see 
KochprQ . The group G is called the universal grading group of T. The universal 
grading groups of two equivalent gradings are isomorphic. 

Again, given a grading as in (II. the diagonal group ofT, denoted by Diagp(A) 
is defined by: 

Diagp(yl) = {$ e Aut A : ^\a, is a scalar multiple of the identity Vs G S}. 

If r is a fine grading (in the class of abelian group gradings) then Diagp(A) is 
a maximal abelian diagonalizable subgroup (or just MAD for short) of the group 
AutA of automorphisms of A (see [PZ^). Conversely, given a MAD M in Aut^, 
then the algebra A decomposes a.s A = (B^f^j^.jAx, where M is the set of characters 
of the group M (that is, continuous homomorphisms % : M — > in the Zariski 
topology) and A^ = {x £ A : f{x) = xif )^ ^ ^} for any x e M, and this is a 
fine grading. 

A description of the fine gradings for the classical simple complex Lie algebras 
(except type D4) has been obtained in [HPP98| . An explicit and irredundant 
description was later given for some classical simple Lie algebras of small rank 
(see the nice survey |Svo08| and references therein). Such descriptions are also 
known for the octonions [Eld98| . the exceptional simple Jordan algebra (or Albert 
algebra) |DMpr| and for the exceptional simple Lie algebras of type G2 |DM06| . 
and independently |BT09| . and of type F4 |DMpr| . 

Here such an explicit and irredundant description will be given for all the simple 
classical Lie algebras, including type D^. 

The paper is structured as follows. Next section will be devoted to study the 
(abelian group) gradings on associative matrix algebras. Although the main result 
(Theorem l2.10p is already known ( [BSZOll Theorem 6]), in our proof we will intro- 
duce some of the methods and notations that will be needed in the later sections. 
Then Section [3] will deal with simple associative graded algebras endowed with a 
graded antiautomorphism (that is, all the homogeneous spaces are invariant for the 
antiautomorphism) . Some invariants will be attached to these gradings, which will 
allow us to distinguish non equivalent gradings. Section U] will then be devoted to 
the classification, up to equivalence, of the fine gradings on the simple Lie alge- 
bras of type A (the special linear Lie algebras), and Section [5] to the corresponding 
classification for types -B, C and D, with the exception of Z?4 which, as mentioned 
above, is exceptional due to the existence of outer order 3 automorphisms. The 
final Section [HI will deal with this exceptional case. 

2. Gradings on matrix algebras 

Recall that the ground field F will always be assumed to be algebraically closed 
and of characteristic zero. 

Given a natural number n, consider the associative algebra 

An = alg (x, ?/ : a:" = 1 = y", xy = e„yx) , (2.1) 
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where e„ is a primitive nth root of unity. The algebra An is isomorphic to the 
matrix algebra Mat„(F), and it is naturally Z„ x Z„-graded, with deg(a;) — (1,0) 
and deg(y) — (0, 1). Moreover, An is a graded division algebra (that is, any nonzero 
homogeneous element is invertible) and it is central. 

The next result appears essentially in BSZOl. Theorem 5]. We include it for 
completeness. 

Proposition 2.1. Let T . D = (SgecDg be a central graded division algebra over 
the group G. Then H = SuppF is a subgroup of G and there is a decomposition 
H = Hi X • • • X Hr, where for each i = 1, . . . ,r, Hi is isomorphic to x Z„. , 

n.i a power of a prime, such that D = Di — Di (g) • • • (g) Dr, where each 

Di = (BheHiDh is graded isomorphic to the algebra A^ above. 

(Unadorned tensor products are always consider over the ground field: = (E'f-) 

Proof. Since the zero homogeneous component Dq is a finite dimensional division 
algebra over F it follows that Dq ~ Fl and for any g G G with Dg ^ 0, the 
dimension of Dg is 1. For any gi,g2 G G with Dg-^ 7^ 7^ Dg^, the fact that 13 is a 
graded division algebra forces Dg^ Dg^ to be 7^ and hence equal to Dg-^ . This 
shows that H = Supp F is a subgroup of G. 

Assume that H = Hi x H2 with gcd(|i7i|, \H2\) = 1. Then for any g e Hi, 
h € H2 and 7^ a; G Dg, ^ y € Dh, there are natural numbers n,m such 
that 7^ e Fl, 7^ y" G Fl, and gcd(n,TO) = 1. Then xyx'^y^^ e Dq, so 
xyx^^y^^ = a.\ for some 7^ a G F. But since xyx~^ G D^, xyx^^ = fiy for 
some 7^ /i G F such that /i" = 1. It follows that a = ji satisfies a" = 1. In 
a similar vein, dealing with yx~^y~^ we get a'" = 1 too. Thus a — 1 and hence 
Di — (BgeHiDg commutes elementwise with D2 = (QheH^Dh, so that D = D1D2 
which, by dimension count, is isomorphic to Di ® D2. 

Therefore it is enough to assume the order of to be a power of a prime p. 
Then H decomposes as a product of cyclic groups H = Hi x ■ ■ ■ x H,-, with Hi 
generated by an element hi of order p™* and mi > 7712 > • • ■ > rur. If mi > m2 
holds and 7^ x G -D^i, 7^ y G Dh^ {i > 2), as before we obtain xyx^^y^^ = 
al with ' = 1, so that ^ = 1 as m2 > mi. It follows that x^ ^ is an 
homogeneous central element of D. But D is central, so x^ ^ G Dp^y^2hi H Fl = 0, 
a contradiction. Hence mi = TO2 and there exists an index i > 2 with mi = mi 
such that xzx^^z^^ = a\ with z G Z)^. and a a primitive p™*th root of unity 
(otherwise x^ ^ would be central). Then Hi = group (/ii, /li) is isomorphic to 
Zpmi x Zpmi, and Di = ®i^^H^Dh is a central graded division algebra, which is 
graded isomorphic to Ap^i . In particular, Di is a central simple subalgebra of D, 
so that by the double centralizer property D = Di Centu{Di) = D1D2 ~ Di^ D2, 
where D2 = CentD(Di) is the centralizer of Di in D. Thus the algebra D2 is again 
a central graded division algebra and the result follows. □ 

Remark 2.2. The central graded division algebra {D, F) in Proposition 12.11 is 
completely determined (as a graded division algebra) by the group H = SuppF, 
which in turn is the universal grading group. These gradings on D ~ Maty|^(F) 

will be referred to as division gradings. (These are called Pauli gradings in |Svo08j .) 

□ 

Definition 2.3. Let T : R = (Bgt^cRg be a group grading of the matrix algebra 
R = Mat„ (F) . A nonzero idempotent e = G i?o is said to be a graded primitive 
idempotent of (i?, F) if the graded subalgebra eRe is a graded division algebra. □ 

Note that given any nonzero idempotent e of i? = Mat„(F), the element e is 
conjugated to a diagonal matrix with only O's and I's on the diagonal, and hence 
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the subalgebra eRe is isomorphic to the matrix algebra Matr(F) with r the number 
of I's on the diagonal. In particular, eRe is always a central algebra (with unity e). 

Proposition 2.4. Let T : R = (Bg^oRg be a group grading of the matrix algebra 
R = Mat„ (F) and let e € Rq be a nonzero idempotent. Then e is a graded primitive 
idempotent if and only if Re is a minimal graded left ideal of R. 

Proof. First, if / is a minimal graded left ideal of R, P is not since R is simple, 
so there is an homogeneous element ^ x G I such that Ix ^0 and, by minimality 
of /, wc have / = Ix. Hence there is an element e G Iq such that x = ex. Again by 
minimality, / fl {r e i? : rx = 0} = holds, so — e = and / = Re. 

By the natural graded version of Schur's Lemma, the minimality of / forces the 
endomorphism ring D = End to be a G-graded division algebra. (The action 
of the elements of D on / will be considered on the right.) 

Note finally that the map 

Endfl(7) — > eRe 

ip\-^ eip = e^if = e{eip) £ el = eRe, 
is a G-graded isomorphism. 

Conversely, if e is a graded primitive idempotent, and J is a minimal graded 
left ideal contained in Re, by the above arguments J = Rf for a graded primitive 
idempotent /. But f G Re, so fe = f and e/e = e/ is a degree idempotent in 
the graded division algebra eRe. Hence either ef = or ef = e. In the first case 
we get f = f^ = {fe-Y = f^fe = 0, a contradiction, while in the second case we 
get e = ef G J, so J = Re is minimal. □ 

The left ideal / = i?e in the proposition above is an irreducible G-graded left 

module for R, meaning that / is a left module for R with RI ^ 0, it is G-graded 
with Rgj^Ig2 Q Igi+gi for any gi and g2 in G, and it contains no proper G-graded 
submodule. 

Given two G-graded modules and V"^ for R, an homogeneous homomorphism 
of degree 51 € G is an i?-module homomorphism </> : — » V^^ such that (t){Vg,) C 
V^,^g for any g' G G. 

Proposition 2.5. Let T : R = QgecRg be a group grading of the matrix algebra 

R = Mat„(F), and let and be two irreducible G-graded, left m,odules for 
R. Then there is an homogeneous isomorphism (j) : ^ V'^ . Moreover, if D'' = 
Endi{(V*) denotes the centralizer of the action of R on V"^ fori = 1, 2, then there is 
a G-graded isomorphism (p : such that (f){vd) = (f>{v)ip(d) for any v E 

and d G . (Here and are graded with the natural gradings induced by the 
gradings on and V"^, so that Vg^D^^ C Vg^_^_g^ for any i = 1,2 and 51,52 G G.) 

Proof. Let e be a graded primitive idempotent of R, and let V be an irreducible 

G-graded left module for R. Then since R is simple, the action on V is faithful, so 
with I = Re we have ^ IV, and hence there is an homogeneous element v G V 
such that ^ Iv. But V is irreducible, so we get V = Iv, and the map cf) : I ^ V 
such that (f>(x) = xv for any x G / is an homogeneous isomorphism. This proves 
the first part of the proposition, while the second is clear. □ 

Definition 2.6. Given a central graded division algebra D = (BheHDh with 
SuppD = H, a group G containing H as a, subgroup, and a G-graded right D- 
module V (that is, VgDh C Vg^h for any g G G and li E H, and note that the 
division property of D forces y to be a free right D-module containing bases con- 
sisting of homogeneous elements), the G-grading induced on i? = EndoiV), where 
f G Rg if f{Vg') C Vg+g' fov any g' G G, is said to be an induced grading. □ 
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Remark 2.7. We may "shift" the grading in V in the previous definition by fixing 
an element h e G and defining Vg = Vg+h for any g & G. Then V = (BgecVg is 
another grading which gives the same induced grading on i? = End/)(V^). 

Also note that in the situation of the previous definition, the algebra R = 
End£)(V^) is isomorphic to Mat„i(£)) (m = dim/) V) which in turn, since D is iso- 
morphic to Matr(F) for some r by Proposition 1 2.11 is isomorphic to Matmri^)- O 

The next result shows that any group grading on a finite dimensional simple 
algebra is isomorphic to an induced grading from a right module for a central 
graded division algebra. 

Theorem 2.8. Let T . R = (Bgi^cRg be a group grading of the matrix algebra 
R — Mat„(F). Then there is a unique irreducible G-graded left module V for R, up 
to homogeneous isomorphisms. Moreover, the action of R on V gives a G-graded 
isomorphism $ : i? — > EindoiV) : r i— > pr, where Pr{v) — rv for any r € R and 

V £ V , D — Endii:(F) is the centralizer of the action of R, and^ndoiy) is endowed 
with the induced grading. 

Proof. The uniqueness is an immediate consequence of Proposition 12.51 and it is 
clear that $ is a one-to-one G-homomorphism. To show that $ is an isomorphism, 
we may assume that is a graded minimal left ideal / = Re for a graded primitive 
idempotent e. But the map R — > Endefle(^): f ^ ^r{'- x i— > rx), is an isomorphism, 
as the image ipR equals ipiR — tpiifiR, which is a left ideal of Ende_Re(-^) containing 
the identity element 1 = (fi, and hence it is the whole Ende_Re(-^)- O 

Corollary 2.9. Let Ti : R — (Bg-^^a-^Rg-^ and T2 : R — ©32502-^31 be two group 
gradings of the matrix algebra R — Mat„(F), and let $ : (R,Ti) {R,T2) be a 
graded isomorphism. Let V be an irreducible Gi-graded left module for R, i — 1, 2. 
Then there is an isomorphism (j) : V"^ such that for any gi G Gi there is an 

element g2 € G2 with (piVg^) — Vg^ such that (jjirv) — ^{r)(j){v) for any r £ R and 

V e V^. 

Moreover, if both Fi and T2 are gradings over the same group G and ^ is a 
G-graded isomorphism, then (j) can be taken to be an homogeneous isomorphism. 

Proof. Let e be a graded primitive idempotent for {R,Ti). Then <l>(e) is a graded 
primitive idempotent for [R,T2) and by Proposition 12.51 we may assume — Re 
and — i?$(e). Then the restriction of $ to Re gives the desired isomorphism. □ 

Let us consider a central graded division algebra D = ®h£HDh with Supp_D = 
H , a group G containing H as a subgroup, and a G-graded right _D-module V as 
above. Take a basis B of the free Z)-module V consisting of homogeneous elements: 
B = {vi, . . . , Vm}, and let gi = deg(vi) for any z = 1, . . . , to. If for some j 7^ j we 
have ^ gi—gj G Pt, then we may change Vj by Vjdh for h — gi—gj and 7^ d G D^, 
and hence assume that gi — g.j. Therefore an homogeneous basis B can always be 
taken so that {gi—gj : 1 < * < J < m}r)H ~ {0}. In this case, let be the F-linear 
space spanned by the elements of B: = ¥vi • • • ¥v„i, so that V is naturally 
isomorphic to ^ D, and EndD(F) ~ EndF(T^°) <E) D. The induced grading 
on End£)(V^) corresponds to the grading on EndF(F°) <E) D obtained as the tensor 
product of the induced grading on EndF(T^*') and the division grading on D. The 
first one can be refined to a Z™~^-grading, where if denotes the element in Z™"-"^ 
with a 1 in the ith position and O's elsewhere, then deg(wi) = and deg(ui) = ei_i 
for any i = 2, . . . , m. Note that SuppEndF(V^") = {gi — gj '■ ^ l^i 1^ j < ™} and the 
assignment n- gi-\-\ — gi gives an epimorphism Z™^^ group (SuppEndF(V^°)) 
from Z™~^ onto the subgroup generated by the support. The finer grading thus 
obtained in EndF(F'') is said to be a Cartan grading. Therefore, our initial grading 
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on End£)(F) is refined to a Z™^^ x i7-grading which is fine (and Z™^^ x H turns 
out to be the universal grading group). 

We summarize our arguments in the following result: 

Theorem 2.10. (Fine gradings on Mat„(F) [BSZOH Theorem 6]) Any fine 
grading on Mat„(F) is equivalent to a tensor product of a Cartan grading and a 
division grading. □ 

Given a fine grading T : R = (Bg^cRg of the matrix algebra R = Mat„(F) 
consider the element 



where e is a graded primitive idempotent of {R, T) and [eRe] denotes the isomor- 
phism class, as a graded algebra, of the central graded division algebra eRe. By 
Proposition 12 . 51 this is well defined. 

Theorem 2.11. Two fine gradings Ti and T2 0/ the matrix algebra R — Mat„(F) 
are equivalent ij and only ifX{R,Ti) ^ 2{R,T2) ■ 

Proof. Write Ti : i? = ©gec-Rg and : i? = (Bg'eG'Rg'- If * : (i?,ri) -> {R,T2) is 
an equivalence of gradings and e is a graded primitive idempotent of {R, Fi), then 
so is $(e) relative to {R,T2), and $ restricts to a graded isomorphism from eRe 
onto $(e)i?$(e) = $(ei?e). ThusX(i?,ri) = J(i?,r2). 

Conversely, assume T{R, Ti) = T{R, T2) holds. Both Fi and r2 are fine so, up to 
equivalence (Theorem l2.10p . R ~ Matmi(F)(8'-Di, i ~ 1, 2, with Ti corresponding to 
a Cartan grading on Matmi(F) and a division grading on Di. But then I{R, Ti) = 
[Di], z = 1, 2, and it follows that Di and D2 are graded isomorphic. Then mi = 7712 
and any graded isomorphism between Di and D2 extends (using the identity map 
from Matmj(F) = Matm2(F) on itself) to an equivalence between Fi and F2. □ 



3. Gradings on matrix algebras with an antiautomorphism 

Lemma 3.1. Let D = (BhenDh he a central graded division algebra with H = 
Supp-D, and letr be a graded antiautomorphism (that is, r is an antiautomorphism 
with Df^ ~ Dfi for any h £ H). Then H is a 2-elementary group and r is an 
involution (t^ ~ id). 

Proof. For any h Cz H, Dh — Fx/j and a;J^ G Fx?i, so x'^ = ax,^Xh for some scalar 
axf^. If H were not 2-elementary, the proof of Proposition 12.11 shows that there are 
homogeneous elements x,y £ D such that xyx~^y~^ — el, where e is a primitive 
nth root of unity, n > 2. Then xy = eyx, so {xyY = e(yxY , or axCtyyx = eaxCtyXy. 
Thus, yx = exy — e'^yx, and = 1, a contradiction. Therefore H is 2-elementary 
and for any homogeneous element x E D, x^ £ Dq = FI, so = {x^Y = {x'^Y — 
ct^x'^. Hence x'^ — ±x and = id. □ 

The quaternion algebra Q = Mat2(F) is a central Z2 x Z2-graded division algebra 
with: 



X(i?, F) = [eRe 



0(1,0) — ^Qij Q{o,i) 



F<Z2 



Q(l,l) = ^93, 



(3.1) 



where 




so that ql^l^ ql and qiq2 -g2'?i = ga- 
The involution Tq given by 



ql" = qi, 9? = 92, ql" = -93, 



(3.2) 



8 



ALBERTO ELDUQUE 



is the usual transpose involution, which is orthogonal; while the involution Tg given 

by 

q? = -qi, ^ = 1,2,3, (3.3) 

is the standard conjugation of the quaternion algebra Q, and this is a symplectic 

involution. 

Corollary 3.2. Let D = (BheHDh be a central graded division algebra, H = 
Supp D, endowed with a graded involution t. Then: 

(i) If T is orthogonal, then {D,t) is graded isomorphic to {Q,To)®^ for some 
n > 0. (This means that D is graded isomorphic to the -graded algebra 
Q<S>n ffjj-Qugfj^ an isomorphism which takes r to t^".) 

(ii) If T is symplectic, then {D,t) is graded isomorphic to {Q,Ts) (8) {Q,To)^" 
for some n > 0. 

Proof. If dimZ) < 4, then either D = ¥ oi D is the quaternion algebra and the 
result is clear. Otherwise (dimD > 4) take an homogeneous element x € Dh, hj^O, 
with = X and x'^ = 1 (this is always possible). Since D is central, there is another 
homogeneous element y € Dg with y"^ = 1 and xyx~^ = —y. Then if = y, the 
assignment x qi, y ^ q2 gives an isomorphism from (alg(a;,y) ,r) onto {Q-,To) 
and, since D = alg (x, y) CentD(alg (a:, y)) ~ dlg{x,y) ® Cent£)(alg (cc, y)) we can 
proceed by an inductive argument. In case = —y, then with x ^ qi and y qa 
the same argument above works. □ 

Lemma 3.3. If D is a central graded division algebra and r and r' are two graded 
involutions, then there is a nonzero homogeneous element d € D such that x'^ = 
dx'^d~^ for any x G D. 

Proof. The map tp = tt' is a degree automorphism of D. But as an ungraded 

algebra _D is a matrix algebra, so any automorphism is inner. Hence there is 
an invertible element a G D such that tp{x) = axa~^. Since the degree of ip 
is and e Fl for any homogeneous x, it follows that axa~^ = ±x for any 
homogeneous x. If a were not homogeneous, then we would have a = ai + • • • + a,., 
with Oi € i = 1, . . . , r, the hiS being different. But if r > 1, the centralizer 
of a\ is different from the centralizer of 02 (as the order 2 inner automorphism 
induced by ai is different from the one induced by 02) and if x is an homogeneous 
element in Cent(ai) \ Cent(a2), then ax ^ ±a;a, a contradiction. Hence the degree 
automorphisms of D are the inner automorphisms obtained by conjugation by 
homogeneous elements. 

In particular, there is a nonzero homogeneous element d G D such that r' = r'', 
where x'^ = dx'^d~^ for any x G D. □ 

Definition 3.4. Let G be an abelian group, let D be a central G-graded division 
algebra over F with support H endowed with a graded involution r, let F be a 
G-graded right module for D. A r-sesquilinear nondegenerate homogeneous form 
of degree g G G is a, map 

B:V xV ^ D 
satisfying the following conditions: 

(i) B is F-bilinear, 

(ii) B{Vg,,Vg^) C Dg^+g^+g ^1 , ^2 ^ G, 

(iii) B{xd, y) = d^B{x, y), B{x, yd) = B{x, y)d for any x,y gV and d G D, 

(iv) {vGV: B{v, V)=0} = = {vGV : B{V, v) = 0}. 
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Moreover, this r-sesquilinear form is said to be balanced if for any homogeneous 
elements v and w in V, B{v, w) equals if and only if so does v). □ 

Theorem 3.5. Let G he an abelian group, let D be a central G-graded division 
algebra over ¥ with support H , let V he a G-graded right module for D, and let ip 
be a G-antiautomorphism of the G-graded algebra R = EndF(V^) with the induced 
grading. (Hence ip is an antiautomorphism of R such that f{Rg) = Rg for any 
g G G.) Then the following conditions hold: 

(1) There exists a graded involution r of D , an element g G G, and a r- 
sesquilinear nondegenerate homogeneous form of degree g: B : V x V ^ D 
such that B{rv, w) = B{v, ip{r)w) for any r Cz R, and v,w lE V . 

(2) Ifip"^ acts as a scalar on each homogeneous component, then any B as in 
the first item is balanced. 

(3) If t' is another graded involution of D, and B' : V x V D is another 
t' -sesquilinear nondegenerate homogeneous form of degree g' G G such that 
B'(rv,w) = B'{v,tp{r)w) for any r € R and v,w €V, then there exists an 
homogeneous element d G Dg-g' such that r' = r'^ (that is, x'^ — dx'^d~^ 
for any x Cz D) and B'{v,w) = dB{v,w) for any v,w eV. 

Proof. By Proposition 12.51 we may take V = I = Re, for a graded primitive 
idempotent e of R, and hence we take D = eRe. Then ^ ip{e) G Rq is 
another graded primitive idempotent. Since eR(p{e) ^ 0, there is an homoge- 
neous element a £ Rg such that ea(p{e) ^ 0. Now ea(p{e)Re ^ 0, so there is 
an homogeneous element 6' with ea(p{e)b'e ^ 0, and since eRe is a graded di- 
vision algebra (with unity e) there is an homogeneous element d G eRe with 
eaip{e)b'ede = e. Take b = b'ed, then eaip{e)be — e and b G R-g- Besides, 
{Lp{e)beaLp{e))'^ — ip{e)b{eaip{e)be)aip{e) — (p{e)bea(p{e) is a degree nonzero idem- 
potent of the graded division algebra ip{e)R(f{e), so we have 

ip{e) — ip{e)beaip{e) . (3-4) 

Consider the following F-bilincar map, which is homogeneous of degree g: 

B : I X I — > D, 

{x,y) ^ B{x,y) = eaip{x)y. 

Note that the subspace Ki = {x E I : B{x, I) = 0} is a graded left ideal of R which 
does not contain e (as eaip{e) ^ 0, so eaip{e)Re ^ 0). Since / is minimal, Ki = 
follows. In the same vein, the subspace Kr = {x E I : B{I,x) = 0} is trivial too. 
On the other hand, for any x,y E I and d E D: 

B{x,yd) = B{x,y)d 

B{xd,y) = eaip{d)ip{x)y — eaip{d)ip(e)(p{x)y (as x = xe) 
— eaip{d)ip{e)beaip{e)ip{x)y (because of p.4p ) 
= eaip{d)beaip{x)y = eaip{d)beB{x, y) 
^d^B{x,y), 

where 

= ea(p{d)be E eRe = D. (3.5) 

The linear map t : D ^ D thus defined is homogeneous of degree and for any 
di,d2 G D: 

{did2Y = eaip{d2)ip{di)be — eaip{d2)ip{e)ip{di)be (as di — die) 
= eaip{d2)ip{e)beaLp{e)ip{di)be 
= dldl. 
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Hence, by Lemma |3. 11 H — SuppZ? is a 2-elementary group and r is an involution. 

We conclude that i? is a r-scsquilinear nondegenerate homogeneous form of 
degree g on /. Besides, for any r Cz R, and x,y Cz I: 

B{rx,y) — eaip{rx)y — eaip{x)ip{r)y — B{x,ip{r)y), 

so that the antiautomorphism is given by the adjoint map relative to B. This 
proves (1). 

Now, in case the hypotheses of item (2) are fulfilled, for any homogeneous ele- 
ments x,y e I = Re, one has: 

B{x,y)=0 eaip{x)y = 

<^=^ eaip{e)ip{x)y = (as x = xe) 

<=^ (p{x)y — (as (p(e)heaLp(e) — (/^(e)) 

4=> '^{y)x = (as (p^ix) — agX if x £ Ig) 
^ B{y,x) = 0, 

and this proves (2). 

Now assume that Bi is a Ti-sesquilinear nondegenerate form of degree gi whose 
adjoint map is ip for i = 1,2. By Lemma 13.31 there is a nonzero homogeneous 
element d g Dh such that x'^^ = dx'^^d~^. Consider the map Bi : V x V ^ D 
given by Bi{v,w) = dBi{v,w). It is trivial to check that this is a r2-sesquilinear 
nondegenerate homogeneous form of degree g + h whose adjoint map is p. Take an 
homogeneous basis {vi, . . . , of y as a (free) D-module, and take the coordinate 

matrices = (^Bi{vi,Vj)^ g Matm(Z)) of Bi, i — 1,2. The coordinate matrix of 
Bi is then Ai = rfAi. For elements v — ^^^i ^^'^ ™ = X]"=i "^iyi have: 

B,{v,w) = {xl\...,x2)Ai 



yi 



\yn 



where X — (xi, . . . , Xm)^ , Y = {vi, ■ ■ ■ , Vrn)^ i T denotes the transpose, and A"^ 
denotes the matrix obtained by applying r to all the entries in A. In a similar vein 
we get: 

B^{v,w) = {X^Y^h^Y, 

B2{v,w) = {x^y^K^Y. 

Denote by Af,. the coordinate matrix of the action of r e i? = End£)(y) on V . 
Then, since Bi{rv, w) = Bi(v, p(r)w) for any r e i? and v,w ^ V, we get: 

ix^y-{M^y^AiY = {x^y-AiM^^,)Y, 

for any X,Y, and hence we obtain M^(^r) — Aj~^ (M^)"^^ Ai, and also M^(^r) = 
A^^{Mry^A2. We conclude that A2Aj;^ is in the center of R, which is Fl. Thus 
there is a scalar 7^ /i e F such that A2 ~ fiAi = /idAi. But we may change d by 
fid. This proves (3). □ 

Definition 3.6. Let (p be an antiautomorphism of the matrix algebra R = Mat„(F). 
A grading T : R — (Bg^aRg is said to be a p-grading in case the following conditions 
hold: 

p{Rg) = Rg^g ^ G, ip^li?,, — agid for some 7^ G F G G, ao = 1. 
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If Lpi and ^p2 are two antiautomorphisms of R and Ti — (Bg.^c.Rg. is a (/^i-grading 
for i — 1,2, then the (pi-grading Fi is said to be equivalent to the (^2-grading r2 if 
there is a graded isomorphism $ : {R,Ti) {R,r2) such that <i></Ji$^^ = 1^2- O 

The relevance of this definition will become clear when we study in the next 
section the fine gradings of the simple Lie algebras of type A. 

We may talk about refinements and coarsenings of i^j-gradings, of fine (/s-gradings, 

Because of Theorem 12.81 the first part of the previous theorem can be recast as 
follows: 

Corollary 3.7. Let ip he an antiautomorphism of the matrix algebra R = Mat„(F), 
and let T : R — (Bg^oRg be a ip-grading. Then there is a 2-elementary subgroup H 
of G, a central graded division algebra D — (BhenDh (with SuppD = H) endowed 
with a graded involution t, and a G-graded right D-module V endowed with a 
T-sesquilinear nondegenerate and balanced homogeneous form B : V x V D, 
such that (-R, r) is G-isomorphic to {EindD{V),Tv), where Ty denotes the induced 
grading, through an isomorphism $ such that <^Lp — Lps^, where ipB denotes the 
antiautomorphism of EndoiV) given by the adjoint map relative to B. □ 

Let D = (BhenDh be a central graded division algebra, with Supp-D = H, en- 
dowed with a graded involution r, let G be a group containing iJ as a subgroup, 
and let y be a G-graded right Z?-module V endowed with a r-sesquilinear non- 
degenerate balanced homogeneous form B of degree g G G. Then for any graded 
D-submodule of it makes sense to define the orthogonal D-submodule 

= {xeV : B{w, x) =Oyw eW} = {x eV : B{x, w) = Vu; G W}. 

In particular, if x is an homogeneous element of V with B{x, x) 7^ 0, it follows that 
V decomposes as: 

V = xD®{xD)^. 

Also, for any homogeneous elements x,y €z V with B{x,x) = = B{y,y) and 
B{x, y) 7^ 0, so that y ^ xD, the element B{x, y) = d\s an homogeneous element of 
D and B{x,yd~^) = 1. Then B{yd~^,x) = /i G (as Dq = Fl). We may scale x 
by and change y to yd~^ to get B{x, y) ~ v and B{y, x) — v^^ , ior v — 
In this case 

V ={xD® yD) © {xD © yD)-^ . 

In this way, an homogeneous Z?-basis oi V: B — {vi, . . . ,Vp, Wp+i, . . . , Vp+2s} can 
be obtained such that 

B{vi,Vi) = di G -D/i,, » = 1, • • • ,P, with d^^ = 1, 

B{y.p+2j-i,Vp+2j) = v-j, B{vp+2j,Vp+2j-i) = 7^ i^j G F, j = l,...,s, 
B{vi, Vj) = Q otherwise. 

(3.6) 

Such a basis will be called a good basis of V relative to B. Let gi = deg{vi) {vi G l^J 
for any i = 1, . . . ,p + 2s. Then if the degree of B is gs G G we have (note that 
h = —h for any h G H): 

2gi + hi = ■ ■ ■ = 2gp + hp = gp+i + gp+2 = • • • = gp+2s-i + 5p+2s = -.9s- (3.7) 

The matrix algebra R — EndulV) is endowed with the induced grading, and the 
good basis B allows us to identify R with Matp+2s(£') — Matp+2s(F) (g) D. Note 
that different bases provide different identifications and hence different embeddings 
of D into R. The element Eij ® d {1 < i, j < p + 2s, d £ D) will denote the 
iP-endomorphism of V which takes Vj to Vid and u; to for any / 7^ j. 
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Moreover, given two elements x — J^^li'^ ViXi, and y = Y!^^=i^ Vii/i, {xi, yi € D 
for any j), then 



B{x,y) = ixl 



\yp+2s/ 



where A is the block diagonal matrix: 



A = 











V 



For simplicity we will write 



(3.8) 



0/ 



A = diag ( di, . . . , dp, ( "i ) , . 



/ 



Then for any A e End£i(y) ~ Matp-|_2s(£'), the adjoint map relative to B is given 
by: 

VPs(A) = A-i(A^)^A, (3.9) 

so that 
where 

is the diagonal matrix 



r = A~i(A^)^ 

diag(ei, . . .,ep+2s) 



(3.10) 



(3.11) 



with e^i 



-1 = i'^ and ep+2j = ^ for j = 1, . . . , s, and G {1,-1} for i = 1, . 



{dl G Fc?i, so d[ = etdi with = ±1 for any i). 

Note that the restriction of (p'^^ to Eij O Z? is {eiej^)id and that the subspace 
Eij (8) Dh is contained in the homogeneous component Rgi-gj+h for any 1 < i, j < 
p + 2s and h G H. 

This proves the first part of the next result, the second part being clear too. 

Proposition 3.8. Let D ~ ®heHDh be a central graded division algebra, with 
Supp D = H , endowed with a graded involution r, let G be a group containing 
H as a subgroup, and let V be a G-graded right D-module V endowed with a t- 
sesquilinear nondegenerate balanced homogeneous form B of degree gs G G. Take 
a good basis {vi, . . . ,Wp+2s} of V over D where degVi = gi for any i, so that the 
coordinate matrix of B in this basis is 



diag (^di , . 



/ I^s 



Write r = A ^(A-'")'^ = diag(ei, . . . ,ep^2s) as in (|3.1ip . Then the following con- 
ditions hold: 

(1) The induced grading Ty is a fs-grading if and only if EiSj^ = ^i'^J'^ f'^^ 
any i,j,i',j' such that {g^ - gj) - {gi> - gj>) g H. 

(2) (fB is an involution (ip'^ ~ id) if and only if Ci — tj = ±1 for any i ^ j, 
and this happens if and only if either: 
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(2. a) dj — di for any i — \, . . . ,p, and Vj e {1, —1} for any j = 1, 



, s. 



Note that in this case, by multiplying by —1 the vector Vp+2j if neces- 
sary, we may assume that Vj = 1 for any j — 1, . . . , s, so that all the 

blocks ) ''^'^y assumed to be (i J). 

(2.b) Or dJ = —di for any i — 1, . . . and Vj is a primitive fourth root of 
unity for any j = 1, . . . , s. In this case, by multiplying Wp+2j" by vj^ 

we may change all the blocks {^i^-^ J ) (|3.8p to q). 
In case (2. a) the form B is hermitian (that is, B{y,x) — B{x,yY for any 
x,y € V) and ips is an orthogonal (respectively symplectic) involution if 
and only if so is r, while in case (2.b) B is skew-hermitian (B{y, x) = 
—B{x,yY) and Lps is an orthogonal (respectively symplectic) involution if 
and only if t is symplectic (respectively orthogonal). □ 

In general, assuming that the induced grading Ty is a (ps-grading, it fails to be 
a fine (/^s-grading, but it can be refined as follows. 

Consider the group G generated by elements gi, . . . ,5p+2s and H subject only 
to the relations (see p.7p ) 

2gi + hi = ■ ■ ■ = 2gp + hp ^ (jp+i + gp+2 = • ■ ■ = gp+2s-i + gp+2s = 0. (3.12) 

Then is a G-graded right D-module by means of the assignment 

Aeg{vi)=gi Vi = l,...,p + 2s. 

Denote by Vy the induced grading on EndD(y). The r-sesquilinear nondegenerate 
balanced form B becomes homogeneous of degree relative to the G-grading. 

Remark 3.9. If G is any abelian group with 2G = G (such group always exist 
since G is finitely generated), then there is a well defined homomorphism 

X:G — >G 

gi gi + ^gs, for any i = 1, . . . ,p + 2s 
h i-^ h for any h Cz H, 

where ^gs denotes an element of G such that 2(^55) = gs (the degree of B). 

Moreover, we have Supp(ry) ~ {gi — gj + h : 1 < i,j < p + 2s, h e H}, 
while Supp(ry) — {gi — gj + h : 1 < i, j < p + 2s, h E H}, and x(Supp(rv)) = 

Supp(ry)(C G). 

Also, the group G is a Cartesian product HxZ^, where H is the group generated 
by ^1, . . . and H, and Z" is (isomorphic to) the subgroup (freely) generated by 
{gp+2j-i : j = 1, ■ ■ • , 5}- Because of (|3.12p . H is a product of copies of Z4 and of 
Z2. The quotient H/H is isomorphic to Zj. 

Finally, for p > I the subgroup generated by Supp(rv') is a Cartesian product 
H X , where H is the subgroup generated hy gi — g2, gi — gp and H, and 
is (isomorphic to) the subgroup (freely) generated by the elements gp^2j-i — gi, 
j = 1, . . . , s. And for p = the subgroup generated by Supp(rv) is the Cartesian 
product if X Z'*, where Z" is the subgroup generated by the elements .gp+2j-i, 
j = l...,s. 

We may "shift" the grading on V without modifying the grading on FindoiV) 
by defining deg(uj) = gt ~ gi for any i (that is, by imposing the degree of vi to be 
0). ' □ 

Remark 3.10. Note too that for any h E H, the homogeneous component Rh in 
the f y grading is Rh — ® ^h, whose dimension is p + 2s. On the other 
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hand, we have the one-dimensional homogeneous components 

and the dimension of aU the other homogeneous components is exactly 2. □ 

Proposition 3.11. Under the conditions of Remark \3.9\ the following properties 
hold: 

(1) Fy is a refinement ofTy- 

(2) Fy is a ifB -grading. 

(3) Fy is a fine ipB-grading unless p = 2, s = and hi = /i2. In this case 
Fy can he refined to a ips- grading which makes EndDiV) a graded division 
algebra. 

Proof. Part (1) is clear as it is part (2) since the conditions in item (1) of Proposition 
13.81 are satisfied because {gi — gj) — [gi' — gj') is in H only if either i = i' , j = j' or 
1 ^ *j j ^ P and i = j' , j ~ i' . In the latter case, since G {I, —1}, ej = ej^ 
and the condition ^i^J^ = ^^'^J'^ satisfied. 

The proof of (3) is quite technical, although the main idea used is simple. Given 
any homogeneous component Rg of our yjB-grading, then there is a scalar Ug ^ 
such that ip\{x) = o.gX for any x G Rg fPefinition 13. 6p . Then for any x G 
Rg, X i: y^a^~^ipB{x) is an eigenvector for (ps- If the dimension of Rg is 2, then 
these eigenvectors must be homogeneous in any refinement (as (/Ss-gradings) of our 
grading. 

Consider first the case p = 2, s — and hi = then we may take di = d2 = d 
with d^ = 1 and hence for any homogeneous x G D, ipsiEij (g) cc) = Eji (8) dx'^d 
for 1 < «, j < 2, and ip'^ — id, so the homogeneous spaces of Fy are exactly the 
following spaces: 

Rh = {Ell ® Dh) ® {E22 <E) Dh), R~g,-g,+h = {E12 <E) Dh) ® (E21 ® Dh), 

for h G H . This grading can be refined to the lySs-grading over the group x 
with (note that ip^g ~ id here): 

' R{m+h = (^11 + E22) ® Dh, 

R{i,i)+h — {Ell - E22) ® Dh, 
R{i,o)+h = {E12 + E21) (8) Dh, 
. R(o,i)+h = {E12 ~ E21) (81 Dh. 

This gives a proper refinement of lyS^-gradings which makes R = End£)(l^) a graded 
division algebra. 

Now, in general, consider the element 6j = gp+2j-i G G, whose order is infinite, 
and assume first that p — Q. Then with R = End£)(V") the homogeneous spaces 
R2Sj+h = £'2j-i,2j ® Dh and R-2Sj+h = E2j.2]-i ® Dh have dimension 1 for any 
hG H (see Remark IXTUl) . Then E2j-i,2j-i ®l = {E2j-i,2j ® l)(£'2j,2j-i <8) 1) and 
E2j,2j ® 1 are homogeneous idempotents in any refinement of Fy, and hence belong 
to the zeroth component in any refinement. For i 7^ j, the dimension of Rs^+s-^h 
is 2 for any h G H, as Rs^+s^+h = {E2i~i,2j ® Dh) ® (i?2j_i,2i <8) Dh), and ip\ acts 
on these spaces as {uiVj)"^ times the identity map since 

ipB{E2i-l,2j ® Xh) = E2j^l,2i ® ViVjX]^ 

for.T/i G Dh. Hence the elements -E2i-i,2j<8)a:?i±i?2j-i,2i'Xia;/^ (which are eigenvectors 
for (pB in Rs^+s-+h) are homogeneous in any refinement (of iy9_B-gradings!); but then 
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the elements: 

{E2i-l,2j <SiXh+ E2j-l,2i (8) xl){E2i,2i (8) 1) = E2j-l,2i ®X1^ ±E2j-l,2i O Xh 

are homogeneous of the same degree in any refinement. Therefore the homogeneous 

space Rs-+Sj+h does not split when considering a refinement. The same argument 
applies to the other homogeneous spaces, and this shows that Ty is a fine (ps- 
grading. 

Now if p > the same arguments above show that Ep+j_p+j (g) 1 is a degree 
idempotent in any refinement, and that the homogeneous subspaces R±Si±5j+h do 
not split. If p = 1, as 1 = X^f^f* 1 is always homogeneous of degree 0, it 

follows that Ell (S) 1 is homogeneous of degrcx; too in any refinement, and the 
same sort of arguments work. If p > 3 note that for x E Dh , we have 

fB{Ei2 (E)x) = E21 (E) d:^^x^di, lpb{E2i ® x) = E12 (E) d1^x''d2, 

and since Rg^-g^+h = {E12 (S> Dh) © {E21 d) Dh+hi+h2)y we have that the restriction 
of (f"^ to Rg^+g^+h is either the identity or minus the identity: Vslfig^+g^+h = ^id, 
e = ±1, depending on rf^ being equal to di or to — rfj, for z = 1,2 (and hence e is 
independent of h). In particular, the eigenvectors (for (ps) E12 (g) 1 + •\/ei?2i ® di^d2 
and £^21 (8) 1 ± \fiEi2 ® di^d2 are homogeneous in any refinement and so is their 
product {E\i ± E22) (81 1. In the same vein (£^11 — £'33) (8 1 is homogeneous, and the 
product £11 8> 1 is homogeneous too in any refinement. Now similar arguments as 
above work. 

If ]3 = 2 and s > one gets that (£11 ±£22)811 is homogeneous in any refinement, 
but also (£14 + £31) 8) 1 is homogeneous. Hence, multiplying by the degree 
idempotents £44 1 and £33 1 one gets that £14 (8 1 is homogeneous in any 
refinement. Then so are £41 (8 1 and the product £11 (81 = (£14 (8 l)(£4i (8 1), and 
the result follows in this case too. 

We are left with the case p = 2, s = and hi ^ /i2. As above for any h€: H we 
have Rh = (£11 ® AO ©(£22 (8 -D?^) and i?gi = (£i2(8£'h)® (£21® Au+/i2+/0: 
and the restriction of (p'^ to Rg^+g^+h is eid, for e = ±1 independent of h. Also, 
for any homogeneous x G D, (Pb{E2i (8 x) = £12 di^x'^d2 = ±£12 di^d2X 
(since xd2X~^ — ±^2)- Thus, the eigenvectors for ipB given by (£21 1 ± y/eEi2 
d,Y^d2){l x), for homogeneous x, remain homogeneous in any refinement (as a 
(/3_B-grading) and so are the elements 

(£21 1 ± ^/e£l2 d^^d2){E2i 1 ± y/eE^ d^^d2){l x). 

We conclude that the elements of the form (£ii±£22)0a;, for homogeneous a; e D, 

are homogeneous in any refinement. One may take now an homogeneous element 
z € D with zdi = diz but zd2 = —d2Z (since the centralizers Cent(di) of di and d2 
are different as Cent(di) = Cent(Fl + ¥di) and Cent(Cent(Fl + ¥di)) =¥1 + ¥di 
by the double centralizer property). Then the elements 

((£11 - £22) ^)(£21 1 + V^£l2 di^d2) = -E21 02; + V€Ei2 zdi^d2, 

(£21 1 + \/e£i2 rff^rf2)((£ii - £22) 2:) = £21 ^ - \/e£i2 d^'^d2Z 

= £21 z + ^/eEi2 zd^^d2, 

are homogeneous of the same degree in any refinement. Hence £21 z and £12 
zdi^d2 are homogeneous of the same degree and hence ((£11 +£22)0z)(£2i02:) = 
±£21 1 is homogeneous in any refinement. In the same vein we get that £12 1 
is homogeneous and so are the idempotent elements £11 1 = (£12 l)(£2i 1) 
and £22 1 = (£21 l)(£i2 1). Being idempotent elements, their degree is in 
any refinement and now some previous arguments finish the proof. □ 
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Remark 3.12. Therefore, given an antiautomorphism ip and a fine (^-grading F of 
a matrix algebra i?, Theoreni l3.5l shows that V is equivalent to a fine (/Ss-grading Ty 
on End£)(y) for some graded division algebra D endowed with a graded involution 
T, right graded i'-module V , and balanced r-sesquilinear nondegenerate homoge- 
neous form B : V X V D, where the fine lyS^-grading Ty is the grading induced 
by the grading on V. Moreover, since this iy9B-grading is fine, by Proposition 13.111 
it is equivalent to the grading Ty in Remark 1 3 . 9 1 and . in particular, the case p = 2, 
s = and hi = /12 is not possible. □ 

Remark 3.13. Consider the grading Fy on End]j{V) above. Then the nonzero 
homogeneous elements of V are 

where D'""" = \JheH{Dh \ {0}) denotes the set of nonzero homogeneous elements 
in the central graded division algebra D. Therefore the good basis is completely 
determined by the Fy-grading up to a reordering and scaling by homogeneous 
elements of D. 

Moreover, for any i = 1, . . . ,p + 2s and Xh e D^^ 

B{viXh,ViXh) = xlB{vi,Vi)xh e ¥B{vi,Vi), 

since xj^ = ±Xh and XhDh'Xh = x'f^^DhtXh = D^' for any h' e H. Hence the 
tuple (di, . . . , dp) is completely determined up to reordering and scaling by nonzero 
elements in F. □ 

Consider now the class of pairs (£>, (di, . . . , dp)) consisting of a central graded 
division algebras with support a 2-elementary group and a p-tuple (p > 0) of 
nonzero homogeneous elements in D. 

Definition 3.14. Two such pairs (-D, (di, . . . , dp)) and (D', {d[, . . . , d'^)) are said 
to be equivalent if p = q, and there is a graded isomorphism ^ : D ^ D' , a 
permutation tt € S'p and a nonzero homogeneous element z £ D such that 

$(zd,) e Fd;^,) V^ = l,...,p. 

This is an equivalence relation. The equivalence class of the pair (D, (di, . . . , dp)) 
will be denoted by [D, (di, . . . , dp)]. □ 

Given an antiautomorphism ip and a fine iy9-grading F of a matrix algebra R, our 
results (see Remark I3.12p show that F is equivalent to a fine i^ss-grading on some 
EndoiV) as above with a good basis B such that (|3.6p is satisfied. Then define 

liR, cp, F) = [D, {B{vi,vi), . . . , B{vp, Vp))]. (3.13) 

Consider also the class of pairs ((-D,t), (di, . . . ,dp)) consisting of a central graded 
division algebra D endowed with a graded involution r and a p-tuple (p > 0) of 
nonzero homogeneous elements such that either dj — di for any i or dj = —di for 
any i. 

The relevance of the next definition will become clear in Theorems 13.211 and 15.21 

Definition 3.15. Two such pairs ((£), r), (di, . . . , dp)) and ((£)', r'), (d'^, d^)) 
are said to be equivalent if p — q and there exists a nonzero homogeneous element 
z G D and an isomorphism of graded algebras with involution $ : {D, r^) {D' , t') 
(that is <I>T^ = t'$, where x'^ = zx"^ z~^), and a permutation n £ Sp such that 

$(zd,) e Fd;(,) Vi = l,...,p. 

This is too an equivalence relation and the equivalence class of a pair like 
[{D,t), (di, . . . ,dp)) will be denoted by [{D,t), (di, . . . ,dp)]. □ 
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Note that since E Fl, the equation above is equivalent to the condition 

Given an involution ip and a fine i^-grading F of a matrix algebra R, our results 
show that r is equivalent to a fine (/Js-grading on some Endi5(y) as above, with 
B being hermitian or skew-hermitian (see Proposition 13. 8p relative to a graded 
involution t oi D, and with a good basis B satisfying p.6p . Then define 

MR,^,^) = [iD,T),{di,...,dp)]. (3.14) 

Theorem 3.16. Let ip be an antiautomorphism andT a fine ip-grading of a matrix 
algebra R. Then X{R^ ip,T) is well defined. 

Moreover, if ip is an involution, thenX2{R,ip,T) is well defined too. 

Proof. For the first part, once R is identified with Endi3(V^), where V is the unique, 
up to isomorphism, irreducible graded module (Proposition 12.5) and Theorem l2.8p . 
and D its centralizer, then the fine grading F is identified with the fine lySs-giading 
Tv for a suitable sesquilinear nondegenerate balanced form. Now the results follows 
from the two following facts: 

• i? is uniquely determined up to multiplication on the left by nonzero ho- 
mogeneous elements in D f Theorem 13. 5p . 

• The elements of a good basis of V are uniquely determined up to reordering 
and scaling by nonzero homogeneous elements in D (Remark 13. 13p . 

The same arguments are valid for the second part of the Theorem. □ 

The invariant 1{R, ^p, F) does not classify (p-gradings up to equivalence, but up to 
a weaker condition, which is the relevant one when dealing with simple Lie algebras 
of type A. 

Theorem 3.17. 

(1) Let p) be an antiautomorphism of the matrix algebra R, letT : R ~ (BgecRg 
be a fine ip-grading and let 5* € Diagp(i?) (the diagonal group ofT). Then 
T is a fine ip-grading too and T{R, ip, F) = T{R, '^ip, F). 

(2) Let ipi and ip2 be two antiautomorphisms of R, let F^ be a fine pi-grading, 
i= 1,2, then T{R, ipi,Ti) equals X{R,ip2,T2) if and only if there exists a 
grading automorphism <f> : (i?, Fi) — s- (i?, F2) and an automorphism ^> € 
Diagr2(i?) such that $(^1$^^ = '^ip2- 

Proof. For the first part note that since ip respects the grading, then ip'^ — "ifip is 
another antiautomorphism respecting the grading, so that F is a \l/(/3-grading and it 
is fine too. Identify R with EndD{V) as before and, once a good basis B is chosen, 
with Matp+2s (^) . Since 5* is an automorphism of R, there is an invertible element 
a G Matp+2s(-D) such that '^{u) = aua^^ for any u. But 1 e Rq, so ^'(1) — 1 and 
hence the restriction of ^E* to Rq is the identity map. It follows that a belongs to the 
centralizer Centij(i?o)- Note that Rq = J2i=i^ ® ^'^d hence a is of the form 
a — X]r=i " ® ^i^^ ^ Oi e D for any i. Also, all the subspaces Eij (g) Dh are 
homogeneous (of degree deg{vi) — deg{vj) + h) so ^' acts as a scalar on each of them. 
In particular, considering the action of ^' on En (g) D it follows that z 1-^ aiza~^ 
is a graded isomorphism of D, which by Lemma 13.31 gives that Oi is homogeneous 
for any i. For any homogeneous x e Z) and i ^ j, a{Eij (g) x)a'~^ — aEij (g) x for 
some ^ a e F, so OixaJ^ € Fx for any i ^ j and hence deg(ai) = deg(aj). It 

follows that a — {J^^^i^ aiEii)®d for a fixed nonzero homogeneous element d of D 
and nonzero scalars ai, . . . , apj^2s- In particular a is homogeneous of degree Aeg{d). 
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Consider the r-sesquilinear nondegenerate balanced form given by 

Bix,y) = B{x,a-'y). 

For any r £ R, 

B{rx, y) = B{rx, oT^y) — B{x, ip{r)a^^y) = B{x, a^^'^ip{r)y) — B{x, 'i'Lp{r)y). 

Up to scaling by homogeneous elements in D, B is a. good basis for B too, and 
B{vi, V,) e ¥B{v,,Vi)d = ¥dB{v,,Vi), which shows that I{R, ip, T) = I{R, "iHp, T). 

For the second part, if there exists a grading isomorphism $ : (i?,ri) 
{R,T2) then l{R,ipi,Ti) — $(y5i$^^, r2). Moreover, if there is an automor- 
phism \1> G Diagp^(i?) such that $v3i$~^ = \1>(^2, then we have I{R,(pi,Ti) = 
I{R,^ipi^~^,r2) = I{R,'^(p2,T2) which equals J(-R, (^92, by the the first part 
of the Theorem. 

Conversely, assume X{R^ ipi,Ti) — 2{R,(p2,T2). This means that R is graded 
isomorphic to EndD(y) with ipi corresponding to (psi, * = 1,2, for Ti-sesquilinear 
nondegenerate balanced forms Bi on V with good bases Bi = {vi : i = 1, . . . ,p+2s} 
and B2 = {wi : i = 1, . . . ,p + 2s} such that (after perhaps some reordering) the 
coordinate matrices of Bi and B2 are 

Ai =diag(di,...,dp,(^°i ),..., (^"1 ^ )j 

and 

A2 = diag (^zdi, . . .,zdp, (^°i '^q ),■■■, (^°i ],°)) 

for some nonzero homogeneous elements z,di,...,dp G D and nonzero scalars 
1^1,..., i^s, 71, ■•■,7s- 

There exists an homogeneous element d G D such that x'^^ = dx'^^d^^, and 
substituting i32(-, •) by dB2{., ■), we may assume that ti = T2 = t. (The element z 
and the 7i's may change in this process.) 

Take now an element a — (X^f^i onEn) ® z, with 7^ a,; G F to be determined, 
and consider the r-sesquilinear form 

B2{x,y) = B2{x,a^'^y), 

and the automorphism ^' of i? such that 5'(w) = aua^^. The adjoint map relative 
to B2 is 4'(y9 and we already know that ^E* acts as a scalar on each subspace Eij ®Dh 
ioT h G H and on Rh = {^a ® ^h) (see Remark f3.10p . In order to ensure 

that ^ G Diagp^ R it is enough that commute with (p2 , as any other homogeneous 
subspace is of the form (^Eij (g) Dh) + ipB^Eij ® Dh). Note that 

'^(p2'^^^{r) = ^'(p2(a^"^?'a) = aV2{a)(p2{r)f2{a^^)a,^^, 

so \I'(/52^^^ equals (p2 if and only if aip2{a) G F^l. We may restrict to the case 
aip2{o-) = 1 and using p.9p this is equivalent to the conditions: 

of z(zdi)^^ z'^ zdi = 1 Vz = 1, . . . , p, 

' ^ ' (3.15) 
ap+2j-iap+2jzz'' = 1 Vj = 1, . . . , s. 

Fix ai, i = 1, . . . ,p, satisfying the first p equations in (j3.15p (they are uniquely de- 
termined up to a ± sign). Note that _B2('u;i, Wi) = B2{wi, a^^WiZ^^) = a^^zdiz^^ G 
¥di for any i = 1, . . . , s, so we may scale Wi to Wi such that B2{wi, Wi) — di. Also, 

B2{Wp+2j-l,Wp+2j) = B2{Wp+2j-l,a-^Wp+2j) = 7jap+2jZ"\ 

B2{Wp+2j,Wp+2j-l) = B2{Wp+2],a^^Wp+2j-l) = ij^ apl2j-lZ^^ = li^ap+2jZ^- 
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Let r] = z'^{& Fl) and consider the elements Wp+2j-i — \fn~^Wp+2j-i, Wp+2j = 
Wp+2jZ, then 

B2iWp+2j-l,Wp+2j) = Vv^lj%l2o^ 

B2{wp+2j-,Wp+2j-i) = {7jf-i~^ap+2j\/rr^^^/rilJ^ap+2]-, 
so with ap+2j = \fn^lj''^J^ get 

B2i'Wp+2j-l,'Wp+2j) = l^j, B2{Wp+2j,Wp+2j-l) = vj^ ■ 

Hence the good basis {wi, i — \, . . . + 2s} for B2 has the same coordinate matrix 
Ai and adjoint map given by '^Lp2. The D-hnear map Vi 1-^ w^, i — 1, . . . ,p + 2s, 
induces the required automorphism $ : (i?, Fi) {R,V2) such that $(^i(f>~^ = 

^LP2. □ 

Corollary 3.18. (of the proof) Let V he a graded right module for a central 
graded division algebra D. Let ti, T2 he two graded involutions of D. Consider 
nonzero homogeneous elements z, c?i, . . . , dp g D and nonzero scalars vi, . . . ,Va € F. 
Then the fine if b -grading induced hy the Ti-sesguilinear form B with coordinate 
matrix 

diag (di, . . . , dp, ( ^"1 ( f-^ )) 

in a good basis is equivalent to the fine Lps' -grading on End£)(V^) induced hy the 
T2-sesquilinear form B' with coordinate matrix 

diag(zdi,...,zdp, (?!),..., (?!)). □ 

Remark 3.19. Under the conditions above, notice that Lp\,{u) — VuV^^ with 

r = diag(ei,...,ep,l,l,...,l,l), 

with Ei = 1 if {zdiY — ei — —1 if {zdiY — —zdi. 

Therefore, given an antiautomorphism Lp and a fine iy9-grading F on the matrix 
algebra R with I{R, ^p, F) = [D, (di, . . . , dp)], if there is an homogeneous element 
z G D and a graded involution r' of D such that {zdiY — for all i, then F is 
equivalent to a fine (^'-grading for an involution Lp' . Otherwise, F is equivalent to a 
fine (^'-grading for an antiautomorphism ip' of order 4. □ 

Example 3.20. Let D — Qhe our simplest nontrivial graded division algebra , as 
in (|3.1|) . and let y be a free right D- module of dimension 4, and let B -.V xV ^ D 
be the sesquilinear form relative to the orthogonal involution Tq in equation p.2p 
with coordinate matrix 

diag(l, 91,92, 93) 

in an homogeneous basis {vi,V2,V3,v^} of V. Given any homogeneous element 
z € Q, the tuple {zl, zqq, zqi, 292} is again an homogeneous basis of D = Q, and 
hence there is no involution in Q for which these basic elements are all symmetric. 
Consider the Z| x Z2-grading on i? = End£)(y) with 

deg(z;i) =0, deg(«2) = (1,0,0), deg(«3) = (0,1,0), deg(«4) = (3,3,1), 

which is a fine (/Ss-grading. Then there is no involution ip' of R such that this 
grading be isomorphic to a (/s'-grading (Theorem 13.171 and Corollary I3.18P . This 
provides a counterexample to [BZ06[ Proposition 6.4]. □ 

For gradings related to involutions of matrix algebras we have the following 
result, which shows that the invariant X2 classifies gradings up to equivalence: 

Theorem 3.21. Let tpi and (p>2 he two involutions of the matrix algebra R, let Fj 
he a fine tpi -grading for i = 1,2. Then l2iR, ipi,Ti) equals T2{R, f 2,^2) if and only 
if there is a graded automorphism $ : (i?, Fi) (i?, F2) such that = ip2- 
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Proof. Assume first l2{R,ipi,Ti) — 12{R,'P2,^2)- Our algebra R is graded iso- 
morphic to End£)(V^) with ifi corresponding to Bi, i — 1,2, for a r^-hermitian or 
skew-hermitian nondegenerate form Bi defined on V, and there is a nonzero homo- 
geneous element z G D such that x'^'^ — zx^^z~^ for any x £ D, and there are good 
bases Bi = {vi, . . . , Vp+2s} and B2 — {wi, ■ • • , Wp+2s} of V such that the coordinate 
matrices of Bi and B2 are 

Ai-diag {d,,...,dp,{^,l),...,{^,l)) 

and 

A2 = diag {zdi , . . . , zdp, ( 1 ) , . . . , ( ±"1 1 )) 

for suitable homogeneous elements di, ... ,dp in D. Substituting B2 by z~^B2 we 
may assume that ri = T2 and (after adjusting Wp+2, ■ ■ ■ ,Wp+2s) that Ai — A2. 
Hence the result follows at once, and the converse is clear. □ 



Example 3.22. Let ip be an orthogonal involution of the algebra R — Mat8(F). 
According to Theorem 13.211 the fine (/s-gradings of R are determined, up to equiv- 
alence, by the different possibilities for l2{R, 'fi, T). The possibilities for the associ- 
ated graded division algebra are the following: 



D = ¥ : Here the possibihties for J2{R,ip,r) are [(F, zd), (1, . T ., 1)] , with 
r = 0,2,4,6 or 8, which correspond, respectively, to gradings over Z^, 
Z2X Z3, X Z2, Z| X Z and Z^. (5 possibilities.) 



D = Q : Definition 13.151 shows that r may be taken to be Tq and hence 
di, . . . ,dp must be symmetric (as ip is orthogonal). Note that we can reorder 
the elements di, . . . , dp, that these can be scaled and that if, for instance 
di — ■ ■ ■ ^ dq, then by multiplying by 2; = we may assume di = ■ ■ ■ = 
dq = 1. In this way we may always assume that if p > 1, then di = I and 1 
is the element in the sequence that appears a greater number of times. Thus 
the possibilities for 12{R, T) are [{Q, To), (di, . . . , dp)] with (di, . . . , dp) = 
0, (1, 1), (1, 91), (1, 1, 1, 1), (1, 1, 1, qi), (1, 1, qi,qi) or (l, l, gi, 52), which cor- 
respond respectively to gradings over Z^ x Z^, Z x Zj, Z x Z2 x Z4, Z^, 
Zf X Z4, Z| X Z4 and Z2 x Z|. (7 possibilities.) 



D = Q®"^ : Here t may be taken to be Tq ® Tq and 

X2(i?,^,^) = [(g«^r),(dl,...,dp)], 

for p = or 2. If p = 2, di and d2 are symmetric for r and we may multiply 
di and d2 by d^^ and assume di = 1 {t"^^ remains orthogonal so it is again 
isomorphic to Tq (8) To by Corollarv l3.2p . The argument in the proof of this 
Corollary shows that we may assume that d2 = 1 or d2 = 1 <8i gi . But the 
case of d2 = 1 does not give a fine grading (Proposition 13. 1 ip . so we are 
left with two possibilities: p = or p = 2 and (di, d2) = (1 (g) 1, 1 gi), 
which correspond respectively to gradings over Z X Z^ and Z^ x Z4. (2 
possibilities.) 

D = Q®^ : Here X2{R, *,T) — [(Q®'^, t), (di)] and, as above, we may assume 
T = To® To® To and di = 1. This gives a Z2-grading. (1 possibility.) 
Therefore, there are 15 fine (/3-gradings, up to equivalence. □ 

There appears the question of which fine gradings of the matrix algebra R = 
Mat„(F) are (/3-gradings for some antiautomorphism p. Only a few of them are. 
This follows from the previous results: 
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Proposition 3.23. Let T : R — (Bg^cRg &e o, fine grading of the matrix algebra 
R — Mat„ (F) and let e £ R he a graded primitive idempotent of (i?, F) . Then T is 
a Lp-grading for some antiautomorphism Lp if and only if the central graded division 
algebra D = eRe is graded isomorphic to Q^™ for some m, and either n = 2™ (so 
that R = D,e=l)orn = 2™+i (so that R = Mat2(F) (gi D). 

Proof. In case R = D ~ Q'^™ it is clear tliat F is a (y9-grading witli (p ~ rf™ , while 
in case R ~ Mat2(F) <g D, with D ~ Q*^'" then (Theorem ETO]) F is the tensor 
product of the Cartan grading on Mat2(F) and the grading on Z), and hence F is a 
(^-grading with — ® where is the symplectic involution in p.3p and t is 
an arbitrary graded involution on D. 

Conversely, if F is a (^-grading, then D — eRe is endowed with a graded involution 
and Corollarv l3 . 2l shows that D is graded isomorphic to Q*^™ for some to. Moreover, 
since F is fine, it is the tensor product of a Cartan grading (a Z'"~^-grading on 
Matr(F)) and a Zj^-grading on D. But (|3.7p shows that this grading is a (/j-grading 
only if r = 1,2. □ 



4. Fine gradings on simple Lie algebras oe type A 

The groups of automorphisms of the simple classical Lie algebras are explicitly 
computed in [Jac791 Chapter IX]. For the special linear simple Lie algebra sl„(F) 
we obtain: 

• Any automorphism of is the restriction of an automorphism of Mat2(F), 
so there is a natural isomorphism Auts[2(F) ~ AutMat2(F). 

• Any automorphism of s[„(F), n > 3, is either the restriction of an automor- 
phism of Mat„(F) or of the negative of an antiautomorphism of Mat„(F) 
Denote by Antiaut R the set of antiautomorphisms of the algebra R. Then 
by restriction we get an isomorphism 

AutsI„(F) ~ AutMat„(F) U (- Antiaut Mat„(F)) (disjoint union). 

Given any MAD of sl2(F), by identifying Autsl2(F) with Aut Mat2(F), it induces 
a fine grading on Mat2(F) and two MADs are conjugated in Auts[2(F) if and only 
if so are they considered as MADs of Aut Mat2 (F) . 

Therefore the fine gradings on s[2(F) are just the restrictions to 5[2(F) of the 
fine gradings on Mat2 (F) which are determined in Theorem 12.101 Note that if 
F : i? = ®g(zGRg is a fine grading of i? = Mat2(F), then 1 G i?o and Rg C s[2(F) 
for any 5 7^ 0, as any automorphism of R leaves invariant s[2(F) = [R,R] and 
the homogeneous components are the common eigenspaces of the elements in the 
associated MAD. Hence F induces the grading (also denoted by F) with sl2(F)o = 
Rq n s[2(F) and s[2(F)g = Rg for any 5^0. (This argument applies to s[„(F) for 
arbitrary n > 2.) 

Thus, there are, up to equivalence, two fine gradings on 5(2 (F): the Cartan 
grading over Z and the division grading over Z2 with 



with gi, 92, 93 in P-IP - 

Assume now that n > 3, then there are two types of MADs in AutB[„(F). A 
MAD M will be said to be inner if it is contained in AutMat„(F) (once Aut5l„(F) 



If a MAD M is inner, it is a MAD in AutMat„(F) so it induces a fine grading 
on i? = Mat„(F). Proposition 13.231 shows then that a MAD N in Auti? remains 
a MAD in Auts[„(F) unless n = 2"^ for some to and the associated grading F 



5l2(F)(i,o) =IFgi, S[2(F)(o,l) =Fg2, Sl2(F)(i,i) = F^g, 



(4.1) 




otherwise it is called outer. 
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satisfies that I(i?,r) [g*""] with either m = m (i? ~ g*"™) or m = m - 1 
(i?~Mat2(F)(^g®"). 

On the other hand, if M is an outer MAD, it contains the negative of an anti- 
automorphism ip and then, with A/*"* = Af n Aut Mat„ (F) , it foUows that 

M = A//™* U Af"*(-(^) (disjoint union). 

(Note that if is another antiautomorphism with —tp e Af , then —ip = (ip(p~^){—(p) 
belongs to Ai^™*(— since •4'(p~^ is an automorphism of Mat„(F) contained in Af.) 

Moreover, the maximahty of M and the fact that = {—(fi)^ € Af™* shows that 
Af™* induces a fine (/j-grading F of f? = Mat„(F). Besides, the grading induced 
by Af in s[„(F) is given by the eigenspaces of the action of Af = Af™* U Af '"*(-(/?), 
that is, it is given by the eigenspaces of Af™* U {(/?}. Thus, if F : f? = (Bg^cRg 
is the (/7-grading induced by Af™*, then (p'^Ir^ = agid for some ^ ag G ¥ with 
ao — 1 (see Definition 13. 6p and we may fix a square root ^ya^ (with -s/T — 1). The 
homogeneous components of the grading induced by Af are 

5[„(F)g+ = {x e Rg : ip{x) = y/a^x}, s[„(F)g- = {.t e f?g : (^(a;) = -^o^x} 

for g 7^ 0, and 

s[„(F)o+ — {x £ Rq : (p{x) = X, trace(x) = 0}, sI„(F)o- — {x e Rq : (p{x) = —x}. 

Remark 4.1. Let Af be an outer MAD as above, because of Remark 13.191 Af = 
Af™*UAf™* (-(/?) for an antiautomorphism ip of order 2 or 4. Let F : f? = (Bg^cRg be 
the (^-grading induced by Af ™*. It restricts to a grading Fq : st„(F) = 0ggG s[n(F)g. 
If ip^ = id, then the fine grading induced by Af is 

S[„(F) = ®heGxZ2 5ln{^)h, 

with 

s[n(F)(3,o) = {a; € st«(F)g : (-<p)(a:) = x} 
= {xe s[„(F)g : ^(x) = -a;}, 

5[„(F)(gj) = {x e s[„(F)g : Lp{x) = x}. 

In case (/?^ — id ^ •pp' , let e be a primitive fourth root of unity, then the fine grading 
induced by Af is 

s[„(F) = ®heGxZ4st„(F),,, 

with 

s[„(F)(g,j) = {x e s[„(F)g : (-(^)(x) = e'x} 

= {x e s[„(F)g : p){x) = -e*x}. 

Note that the subgroup of G x Z4 generated by the support of this grading is never 
the whole G x Z4, because for any g e G, the restriction {—p>)'^\Rg = (yS^l^g acts as 
±id, so this subgroup is contained in 

({g e G : = ^d} X {0,2}) U ({.9 G G : ^^j^^ = x {1,3}), 

which is a proper subgroup of G x Z4. □ 

Two MADs of different types (inner and outer) cannot be conjugated in Aut 5[„(F), 
because AutMat„(F) is a normal subgroup of Auts[„(F). If two MADs Afi and 
Af2 of inner type are conjugated by an automorphism of f? = Mat„(F) then the 
induced fine gradings Fi and F2 of R are equivalent and this happens if and only 
if X(i?,ri) = X(f?, r2) (Theorem I2.1ip . In case they are conjugated by —p> for an 
antiautomorphism pi and e is a graded primitive idempotent of (f?, Fi), then ef?e 
is a central graded division subalgebra of (f?, Fi) and so is p{eRe) — p){e)Rp{e) for 



FINE GRADINGS ON SIMPLE CLASSICAL LIE ALGEBRAS 



23 



{R,T2). Hence (p{e) is a graded primitive idempotent of (R,T2). In particular the 
graded division algebras eRe and ip{e)Rip{e) are antiisomorphic. But the structure 
of the central graded division algebras (Proposition 12. 1|) shows that two such alge- 
bras are antiisomorphic if and only if they are isomorphic, because the algebras An 
in (j2.ip have antiautomorphisms (the assignment x <-> y induces an antiautomor- 
phism). Hence X(i?,ri) = X(i?, in this case too. (Recall that X(_R, Fi) is just 
the isomorphism class of the central graded division algebra eRe.) 

On the other hand, if two MADs of outer type Mi = Af{"* U M|"*(-.^i) and 
M2 = M™* UM2"*(— 932) are conjugated by the negative of an antiautomorphism ip: 
(--0)^1 (-f/')"^ = ipMi^-^ = M2, then also {ipipi)Mi{'ip(pi)-^ = ipMi^-'^ = M2, 
so they are conjugated by an element </> in Aut Mat„ (F) . But then (j)(pi(p^^ G 
Mi"V2 and therefore two such MADs Mi and M2 are conjugated if and only if 
there is an element ip S M™* such that the </5i-grading Fi induced by Af{"* is 
equivalent to the (V'iy52)-grading F2 induced by M™*. By Theorems 13.161 and 13.171 
this happens if and only if X(i?, .^1, Fi) = X(i?, (^2, r2) (R = Mat„(F)). 

We summarize our discussion in the next result: 

Theorem 4.2. Let R he the matrix algebra Mat„(F), n > 2. Then: 

(1) Up to equivalence, the only fine gradings o/s[2(F) are its Cartan grading 
and the division grading over Z| in ()4.ip . 

(2) If n > 3, any fine grading o/s[„(F) is either: 

(2. a) the restriction of a fine grading T of R such thatX{R,T) 7^ [Q*^™] with 
2" G {n,f}. 

(2.b) the fine grading T^p induced by a fine ip-grading of R, where ip is an 
antiautomorphism of F. 
Moreover, the gradings in different items are not equivalent. Two gradings 
of type (2. a) are equivalent if and only if so are the gradings Fi and F2 
of R, if and only if T{R,Ti) — X(_R, F2); and two gradings Ftp^ and F^^ 
induced by the ipi-gradings Ti (i ~ 1,2) of type (2.b) are equivalent if and 
onlyifI{R,ipi,Ti)^I{R,ip2,T2). □ 

The possibilities of the fine gradings for s[4(C) have been treated in |PPS02| . 
Let us consider here a detailed example of greater complexity: 

Example 4.3. Fine gradings of s[8(F). 

Inner: Up to equivalence, there are the following five fine inner gradings on 

S[8(F). 

• The Cartan grading over (here I{R, F) = [F]). 

• A Z3 X Z^-grading with I{R, F) = [Q]. 

• A Z X Z|-grading with I{R,T) = [A4] (see (|2Tl) ). 

• A Z^ X Z|-grading with I{R, F) = [Q (g) A4] = [A2 (g) A4]. 

• A Z|-grading with I{R,T) = [As]. 

(Note that the fine gradings of i? = Mat8(F) with X(i?,F) = [Q«'2] or 
[Q'^^] do not appear here as they induce outer gradings of sl8(F) because 
of Proposition 13.231 ) 
Outer: Here the possibilities are given by the different classes [D, {di, . . . , dp)], 
where D is a central graded division subalgebra of i? = Mat8(F) with a 
graded involution, so that D = Q®'', < r < 3, and di,. . .,dp are ho- 
mogeneous elements in £), p is an even number with < p < Note 
that the definition of these classes (Definition I3.14p implies that we can 
reorder the elements di,. . . ,dp, that these can be scaled and that if, for 
instance di = ■ ■ ■ = dq, then by multiplying hy z = d^^ we may assume 
di = ■ ■ ■ = dq = \. In this way we may always assume that if p > 1 , then 
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di = 1 and 1 is the element in the sequence that appears a greater number 
of times. Note that we may choose an arbitrary graded involution on D (see 
the proof of Theorem 13. 17|) . Therefore there are the following possibilities: 
We must consider here the classes [F, (1, 1)], p = 0, 2, 4, 6, 8. 



In this situation the grading is, up to equivalence the grading on sl8(F) 
induced by the (^c-grading on i? = Mat8(F) ~ EndF(V^), where V is 
an eight dimensional vector space and (p is given by the adjoint map 
relative to the symmetric bilinear form with coordinate matrix 

diag(l,. ..,1,(01),.. .,(01)), 

where there are p Vs and ^(8 — p) blocks ( ? o). Hence = id and 
therefore we have the following gradings: 

• A X Z2-grading corresponding to p = 0. Here the copy of Z2 
corresponds to the action of the involution Lp. 

• A 1? y. Zj-grading for p = 2. Here the first copy of Z2 corre- 
sponds to the grading of a good basis where deg(wi) = and 
deg(z;2) is an element of order 2. The second copy corresponds 
to the action of p. 

• kl? Y. Z2-grading for p — 4. 

• A Z X Zj-grading for p — 6. 

• A Zf-grading for p = 8. 



D = Q : Here the equivalence classes to be considered are the classes 
[Q, {di, . . . , dp)], with p = 0, 2 or 4. We can always assume that each 
di G {1, 9i, 92, 93} in P-ip and that di = 1 is the element that appears 
the most. The grading is then, up to equivalence, the grading on 
sl8(F) induced by a (/3-grading on i? ~ EndQ{V) (dimQ(F) = 4) where 
if is given by the adjoint map relative to the sesquilinear form B with 
coordinate matrix 

diag(di,...,d„(oi),...,(oi)), 

the number of 2 x 2 blocks being i(4 — p)) (see Corollarv 13.181 and 
Remark l3.19p . Here are the different possibilities: 

• A Z^ X Zj-grading corresponding to [Q, 0]. (The first two copies 
of Z2 constitute the support of the grading of Q and the last 
copy corresponds to the action of the involution ip.) 

• A Z X Zj-grading which corresponds to [Q, (1, 1)]. 

• A Z X Z4 X Zj-grading which corresponds to [Q, (l,gi)]. Here 
we have a good basis B = {vi,V2,V3,V4} with deg(tii) = 0, 
deg(u2) = (0,1,0,0) e ZXZ4XZ2XZ2 anddeg(w3) = (1,0,0,0) = 
— deg(w4). The support of Q is x 2Z4 x Z2 ~ Z2 and the last 
copy of Z2 corresponds to the action of the involution ip. 

• A Z^-grading which corresponds to [Q, (1, 1, 1, 1)]. 

• A Z4 X Zj-grading which corresponds to [Q, (1, 1, 1, gi)]. 

• A Z4 X Z|-grading which corresponds to [Q, (1, 1,(71,91)]. Here 
the fine p-grading Ty in Proposition 13.111 is the grading on 
EndQ(F) where we have a good basis B = {wi, W2, fs, ^4} with 
dcg(ui) = 0, deg(w2) = 92, deg(w3) = 53 and deg^v^) = 54 such 

that (irnj) 

252 = 2^3 + hi= 2^4 + hi=0, 

with hi = dcg((7i). The grading group G of the 93-grading is 
generated by 92,93,94 and H — group (/ii, /i2) = SuppQ, and 
hence it is generated too by the elements 93,92,94 — 93 and /i2 
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D = 



with respective orders 4,2,2,2, thus getting a (/?- grading over 

Z4 X Z2 . The action of f gives the last copy of Z2 . 

A Z| X Zj-grading which corresponds to [Q, (1, 1, gi, 52)]- 

A Z4-grading which corresponds to [Q, (1, gi, (72, 93)]- Here t = 

To is the orthogonal involution of A, and as above we have a 

good basis B = {vqtVi,V2,v^} (note that we have shifted the 

indices) with deg(wo) = 0, deg(ui) = gi, i = 1,2,3, subject to 

2gi + hi= 2.92 + /t2 = 2^3 + /13 = 

{hi being the degree of gi), and is given by the adjoint map rel- 
ative to the T-sesquilinear form B with B{vi, Vi) = i = 0, 1, 2, 3 
with qo = 1, B{vi,Vj) = for i 7^ j'. The subgroup generated by 
ff 1 , 52 , 53 and H is the group generated by 51 , 32 and 51 +52 +53 of 
respective orders 4, 4, 2 (as 2(51 + 52 + 53) = /ii + /12 + ^3 = 0). 
This group is Z4 x Z2 and it is the universal grading group 
of the i^-grading T. If M is the MAD group of our grading, 
M = M"* U M™*(-V3), and M™* is then isomorphic to Z| x Z2 
and M/M™*^ is isomorphic to Z2. And since there is no homo- 
geneous z G Q and involution r' on Q such that z, zqi, zq2, zq^ 
are all symmetric, necessarily M ~ Z4. Alternatively one can 
compute explicitly the MAD Diagp(_R). (See Example 13.201 ) 

: The possibilities now are: 
A Z X Zj-grading which corresponds to [(5'*^,0]. 
A Z4 X Z^-grading which corresponds to [Q*^^, (1 (g) 1, 1 (g) qi)]. 



D = Q 
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(Note that the argument in the proof of Corollarv l3 .21 shows that 
we may always take any homogeneous element of degree ^ to 
be 1 (g) gi.) 

Only one more possibility appears here: 
• A Zj-grading which corresponds to [Q®^, (1)]. Actually the uni- 
versal grading group here is Zj, because the associated MAD 
group M is M™* U M™*{—(p), with ip any graded involution of 
Q®3 and M™* ^ Z| = (Z^)^ the MAD of the division grading 
on the central graded division algebra Q'^^. 
The conclusion is that, up to equivalence, there are exactly 21 fine gradings of 

Sl8(F). 

Note that this number is easy to get, as it is enough to look at the different 
possibilities for X{R,ip,r). The subtle point is to check what the grading group 
looks like in each case. □ 



5. Fine gradings on orthogonal and symplectic Lie algebras 

Let * be an involution of the matrix algebra R = Mat,i(F) and let K{R,*) = 
{x € R '■ X* — —x} be the Lie algebra of skew symmetric elements for the involution. 
Thus, if * is orthogonal, then K{R,*) is isomorphic to the orthogonal Lie algebra 
so„(F), while if * is symplectic, n is even and K{R, *) is isomorphic to the symplectic 
Lie algebra sp„(F). 

The automorphism group of these Lie algebras is described in |Jac79( Chapter 
IX]. The results there are rephrased in the following Proposition 15.11 Each auto- 
morphism of R which commutes with the involution * induces and automorphism 
of K{R, *). Denote by Aut(i?, *) this group of automorphisms: Aut(i?, *) = {/& 
AutR: fix*) = fix)* yx e R}. 
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Proposition 5.1. The restriction map 

Aut(i?, *) — > Aut K{R, *) 

f f\K(R.*) 

is an isomorphism of groups ifn>5 unless n — 6 or n — 8 and * is orthogonal. □ 

Note that for orthogonal *, K{Mate{¥), *) ~ 506(F) is isomorphic to s[4(F), while 
the automorphism group of (Matg(F), *) ~ S08(F) is larger than the subgroup 
formed by the restrictions of the elements in Aut(Mat8(F), *) due to the existence 
of the triality automorphisms. This will be dealt with in the last section of the 
paper. 

For n > 5 and n ^ {6,8} if * is orthogonal, any MAD AI of Aut K{R,*) can 
be identified to a MAD of Aut(i?, *), and hence it induces a fine ^-grading of R, 
whose restriction to K{R, *) is the fine grading induced by M. (If R — (BgecRg is 
a *-grading, then its restriction K{R, *) — (Bg^G{K{R, *) n Rg) makes sense and it 
is a grading of K{R, *).) 

Moreover, two such MADs Mi and M2 are conjugated if and only if there exists 
a (j) G Aut(i?, *) such that (/)Mi0~^ — M2, where Mi and M2 arc considered as 
MADs in Aut(i?, *) through the isomorphism in Proposition [STll Hence Theorems 
13.211 and 13. 161 imply our main result of this section: 

Theorem 5.2. Let * be an involution of the matrix algebra R = Mat„(F) and 
assume thatn n > 5 and that n 6,8 if * is orthogonal. The any fine grading 
of K{R, *) is the restriction of a fine ^-grading of R. Two such fine gradings Ti 
and T2 of R restrict to equivalent gradings of K{R,*) if and only ifX2{R,*,Ti) = 

I2{R,*,T2). □ 

Example 5.3. Fine gradings of spg(F). Here R = Mat8(F) and * is a symplec- 
tic involution. The possibilities for the central graded division algebra attached to 
a fine ^-grading F are D — Q*^™ for m = 0, 1, 2 or 3. 

Here T2{R, *, T) = [(F, irf), 0] (there are no skew symmetric elements 



L> = F 



in F). Here R is graded isomorphic to EndF(y) for an eight dimensional 
vector space V endowed with a nondegenerate skew-symmetric form B. 
This gives a Z^'-grading. 
D^Q\ : Here X2(i?,*,F) = [{Q,T),{di, . . . ,dp)], p = 0,2,4, for a graded 
involution r. Definition 13. 151 shows that we may assume t — t^, and hence 
di, . . . ,dp must be symmetric for since * is symplectic, so that we may 
take di = . . . = dp = 1. We are left with three possibilities: 

• A X Zj-grading corresponding to l2{R, *, F) = [{Q, Ts), 0)]. 

• A Z X Zf-grading corresponding to T2{R, *, T) — [{Q, Ts), (1, 1)]. 

• A Z2-grading corresponding to T2{R, *,r) = [{Q,Ts), (1, 1, 1, 1)]. 

Herel2(-R,*,r) = [(Q®^^ r), (di, . . . , dp)], p = or 2. As before, 
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we may assume r = (g) Tq, which is symplectic. Also, if p — 2, di and 
d2 are symmetric for r and we may multiply di and d2 by d^^ and assume 
di = 1 {t'^^ remains symplectic so it is again isomorphic to (g) Tq by 
Corollarv l3.2p . The argument in the proof of this Corollary shows that we 
may assume that (i2 = 1 or (i2 = 1 (8" But the case of d2 — I does not 
give a fine grading fProposition 13 . 1 1|) . so we are left with two possibilities: 

• A Z X Z|-grading corresponding to X2(i?, *, F) = [((5®^ (g) To), 0]. 

• A Z4 xZ^-grading corresponding to l2(-R, *, r) = [(Q**^, T^igTo), (1, 1® 

: Here 12{R, T) = [(Q®'^, t), (di)] and, as above, we may assume 
To (g) To and di = I. This gives a Za-grading. 



D = Q®3 
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The conclusion is that, up to equivalence, there are exactly 7 fine gradings of 

SP8(F). □ 



6. Fine gradings on D4 

The orthogonal Lie algebra S08(F) is quite special among the orthogonal Lie alge- 
bras, due to the fact that if * denotes an orthogonal involution on the matrix algebra 
R = Mat8(F), so that we may identify S08(F) to K{R,*) — {x £ R : x* — —x}, 
the automorphism group AutS08(F) is larger than the group Aut(i?, *). In fact, 
Aut(i?, *) is a subgroup of index 3 in AutS08(F) due to the triality phenomenon. 
That is, there are outer automorphisms of order 3. 

The fine gradings of D4 not involving outer automorphisms could in principle be 
determined following the ideas in Section [5l but there is a subtle point here: two 
such fine gradings may not be equivalent under the action of Aut(ii!, *), while being 
so under the action of the full group AutS08(F). Actually, we will check that among 
the 15 non equivalent fine gradings in Example 13.221 two of them are equivalent 
under S08(F). On the other hand, the fine gradings whose associated MAD groups 
contain outer automorphisms not in Aut(i?, *) have been determined in [ DMVpr] . 
Here a quite self contained proof will be provided not relying on computations on 
conjugacy classes in the Atlas [Atlas] . although based on ideas already present in 
[DMVpr]. The list of nonequivalent fine gradings in |DMVpr| or pV08j will be 
corrected. 

The natural way to deal with the triality phenomenon is to start with the algebra 
of octonions C over our ground field F. This algebra contains a basis 

B = {ei,e2,ui,U2,U3,Di,W2,W3} (6.1) 
with multiplication given by: 
e2 = e„ (j = l,2) 

eiUi ^Ui^ Uie2, e2Vi ^ = w^ei, (i = 1, 2, 3) 
u^Vi = -ei, ViUi = -62, (i = 1,2,3) 

UiUi+i = -Ui+iUi = Vi+2, ViVi+i = -Vi+iVi = Ui+2, (iudiccs modulo 3) 

all the other products among basic elements being 0. Note that ei and 62 are 
orthogonal idempotents with 61+62 = 1. This algebra is endowed too with a 
nondegenerate quadratic form g : C — > F which is multiplicative {q{xy) — q{x)q{y) 
for any x,y & C) and whose associated polar form: q{x, y) = q[x + y) — q{x) — q{y), 
is given by 

9(61,62) = 1 = g(Mi,Wj) (z = 1,2,3) 

and q{a, b) — for any other basic elements. This allows to identify the Lie algebra 
S08(F) to 

so(C, (?)-{/€ EndF(C) : g(/(x), + q{x, f{y)) = Vx, y e C}. 

The diagonal linear maps in so(C, g) relative to our basis B constitute a Cartan 
subalgebra f) of so(C, q) with the basis {/iq, hi, /12, h^} defined by: 

/io =diag(l, -1,0, 0,0, 0,0,0), 

/ii =diag(0, 0,1, 0,0, -1,0,0), 

/i2 =diag(0, 0,0, 1,0, 0,-1,0), ^^''^^ 
/i3 =diag(0, 0,0, 0,1,0,0,-1). 
(We identify linear maps and their matrices relative to our basis B.) 
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The weights of f) in C are ±eo, ±ei, ±£2 and ±£3, with ei{hj) = if z 7^ j and 
e,(/i,) = 1 = 1,2,3,4). 

Consider the invariant bihnear form on so(C, q) given by b{di , o?2) — \ trace(did2). 
Then {/iq, /ii, /i2, /is} is an orthonormal basis of (j and {eo, ci, £2, £3} is the dual basis 
in [)*. Denote by (.|.) the nondegenerate symmetric bihnear form induced by h on 
()*, so that (ei|ej) = 1 for i — j and otherwise. If we identify, as it is usual, f) and 
f)* by means of 6, then e; is identified to hi for any i = 0, 1, 2, 3. 

The algebra C is endowed with a natural involution a:C^C,xv^x = 
q{x, 1)1 — x, such that xx = xx = q{x)l for any x G C. Thus xy = yx for any 
x,y E C. Note that cr belongs to the orthogonal group 0{C,q). Besides 

q{xy, z) = q{y, xz) = q{x, zy) 

for any x,y,z E C. 

Given any automorphism rj £ Aut C with rf — id, consider the new multiplica- 
tion on C defined by 

x*y ^■q{x)rf'{y), (6.3) 
and denote by Cn the algebra (C, *) thus defined. Note that for any x,y,z E C: 
q{x *y,z)^ q{f]{x)f]'^(y),z) 

= q{rj[x) T zrf' {y)^ [rj commutes with a) 
= q{x,T,'{z)7j{y)) (AutCCO(C,g)) 



(6.4) 



= q{x,Tf{z)'q{y)) 

= q{x,y* z). 

For rj = id, the algebra Cid is the so called para-octonion algebra (with product 
X m y = xy). It turns out that the algebra Cj, is either isomorphic to the para- 
octonion algebra or the so called pseudo-octonion algebra defined by Okubo |Oku78j 
(see |EP96) or |KMRT98| ). which can be defined as the algebra Cr, where r G Aut C 
is defined by 

= ej, {j = 1,2) 
riui) = Ui+i, T{vi) = Vi+i, {i = 1, 2, 3 modulo 3). 
Let us consider the special orthogonal group SO{C, q) and define: 
Tri(C, 71 q) = {(/o, /i, /2) e SO{C, q)' : fo{x * y) = h{x) * h{y) Vx, y G C}, 
tri(C,7y, 9) = {{do,di,d2) G 5o{C,q)^ : do{x * y) = di{x) *y + x* d2{y) Vx,y G C}, 

where the product * is the multiplication in (7,, (equation (|6.3p l. Because of equa- 
tion ()6.4p . we may define alternatively the trilinear map Qnix, y, z) = q{x * y,z) = 
qly * z, x) and then: 

Tri{C,v,q) = {(/o,/i,/2) e SO{C,q)' : Q,{fi{x), f2{y)y, Mz)) 

= Qyi{x,y,z) 'ix,y,z G C}, 

\x\{C,T],q) = {{do,di,d2) G so(C, g)^ : Qjj{di{x),y, z) + Qjj{x, d2{y), z) 

+ Q,,{x,y,do{z)) = Oyx,y,z <E C}. 

Then Tri(C, r], q) is a subgroup of SO{C, q)^ (componentwise multiplication) and 
tn{C,ri,q) is a Lie subalgebra of 5o{C,q)^. Also, as Q{x,y,z) = Q{y,z,x) for any 
x,y,z € C \i follows that a triple (/o, /i, /2) lies in Tri(C, 77, q) if and only if so does 
(/2, /o, /i), and a triple (do, di, ^2) lies in tri(C, 77, q) if and only if so does {d2, do, di). 
Let us denote by 6*^ both the group automorphism Tri{C,ri,q) Tri(C, 77, g) : 
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(/o, /i, /2) 1-^ (/2, /o, /i) and the Lie algebra automorphism tri(C, 77, q) txi{C 77, g) : 
{do, di,d2) ^ id2,do,di). The Principle of Tnality (see [KMRT98] or |EldOObj ) can 
be recast as follows: 



Proposition 6.1. Under the above conditions: 

(i) The projection ttq : Tri(C,77, SO{C\q); (/o,/i,/2) ^ fo is a surjec- 
tive group homomorphism with kernel {{id,id,id),{id,—id,—id)}, and the 
projection ttq : tri(C, 77, g) — > tri(C, 77, 5); {dQ,di,d2) ^ d^ is a Lie algebra 
isomorphism. 

(ii) r/ie triality automorphism 0,, induces a group automorphism of the projec- 
tive special orthogonal group ( again denoted by On) PSO{C, q) PSO{C, q) : 
[fo] ^ 1/2] (where (/o,/i,/2) G Tri(C, 77, g) and [/] denotes the class of 
the element f e SO{C,q) in the quotient PSO{C,q) = SOiC,q)/{±id}), 
and a Lie algebra automorphism so{C,q) so(C, g) : da 1^ d2 (with 
{do,di,d2) £txi{C,r],q)). □ 



Denote by 9 the triality automorphism 9id corresponding to the para-octonion 
algebra. Also, for any / in the orthogonal group 0{C, q), denote by the automor- 
phism of 5o(C, q) given by Lf{d) — fdf^^. Recall the natural involution a : x 1-^ x 
of C: 



Proposition 6.2. Under the above conditions: 

(1) The automorphisms and 9 o/so(C, g) generate a subgroup isomorphic to 
the symmetric group S3 on three symbols. 

(2) Autso(C, g) is the semidirect product of Lso{C,q) (which is isomorphic to 
PSO{C,q)) and the subgroup isomorphic to S3 in item (1). 

(3) Given an automorphism 77 G Aut C with = id, the triality automorphism 
9n coincides with 1^9 = 9lji. 

(4) The centralizer in Autso(C, g) of the triality automorphism 9n is the direct 
product of iAut{c,*) (* in (|6.3p ) and the subgroup generated by 9^ (which 
is a cyclic group of order Z). 

Proof. Part (1) is well-known. For (do,(ii,d2) G tti(C,7d,g), do{x»y) = di{x)»y + 
X • (^2(2/) (x ' y = xy) for any x,y € C, and hence for any x,y € since a : x 1-^ x 
is an involution we get: 

{adoa){x • y) = crdo{a{y) • a{x)) 

^ a{di{a{y)) • a{x) + a{y) • d2{a{x))) 
= a; • {adia){y) + {ad2a){x) • y. 

Hence 6'tcr(do) — crdia — 1^9"^ (da). Thus La-9 — 9^i„ and the group generated by 
and 9 is isomorphic to ^3. 

The result in (2) appears in [Jac79[ Chapter IX]. Note that the group iso(c,q) 
is the group of inner automorphisms of so(C, g). 

As for (3), this is proved in ^EldOOaj. We include a proof for completeness. For 
do e so(C,g), 

do(x * y) = doivix) . 772(77)) ^ 9\do){v{x)) • r,Hy) + vi^) • 0(do) (ry'fe)) 
= r,{Tj'9^do)v-^{x)) . 77^(77) + r^ix) . {vO{d„)v'Hy)) 
= {ri'9\do)r\x)) *y + x* {iie{do)r\y)) , 
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SO that 9jj{do) = ri6{do)ri^^ = t,^9{do). Also, 

^ 7je^{do)v'\x) . y + X . T]e{do)Ti-\y), 

so that Oirj = LrjO and (3) follows. 

Finally, consider an automorphism ip G Autso(C, g) such that ipOrf — 9^1^. Be- 
cause of (3) and since Aut(C, *) is contained in SO{C,q), the projection of 9rf 
onto the subgroup 5*3 of item (1) is 9 and hence (p = tp9-{^ for j = 0,1,2 and 
V' G i-soiCq)- 4' = t/oj /o G SO{C,q). Take elements /i,/2 G SO{C,q) such that 
(/o, /i, /2) e Tri(C, 77, g). Then for any do € so(C, q) and x,y e C, 

fodofo\x * y) - /odo(/r\x) * 

= fo{9'^{do)ifr\x)) * f^\y)) + h{f^\x) * 9,{d,){f^\y))) 

- /i^'K)/!"'!^^) *y + x* f29^{do)f^\y). 

Hence fi'^t/o = '^/g^?? (see also jEldOOa| V But t/^ = and V^r; = 9n'<p. we conclude 
that /,/(,= i/2 or /2 = ±/o and also /i = ±/o. Hence there exists e G {±1} such 
that /o(a; * y) — e/o(a^) * /o(2/) for any x,y £ C, and hence e/o G Aut(C, *) and 

■0 = '•/o = ''-/o £ '•Aut(C,*)- □ 

Let us go back to our basis K of C in (|6.ip and to the natural Cartan subalgebra 
t) of so (C, 9) in ([62]). Let J7 = Fwi+Fua+Fua and F = Fwi +Fu2 +FU3. Given any 
bijective linear map fu G GL{U) with dct /[/ = 1 and its "dual" map fv G G'i(V^) 
(that is, q{fu{u), fv{v)) = q{u,v) for any u E U and w G F) it is clear that the 
linear map on C defined by: 

fie,) = e„ J = 1, 2, f{u) - /c;(7.) G U, f{v) = /y(«) V« G V, (6.6) 

is an automorphism of C. Also, given any trace zero linear map du G sl{U), consider 
the trace zero linear map dy of V given by q(^d(j{u), v) + q(^u, dv{v)) — for any 
u € U and v € V. Then the linear map d of C defined by: 

d{ej) 0, j = 1, 2, d{u) = du{u) Vw G U, d{v) ^ dv{v) Vw G V, 

is a derivation of C. By its own definition, if d G Oer C, then (d, d, d) G tri(C, id, q) 
so that 9{d) = d. In particular, 

9{hi - /12) = hi - /l2, 6'(/l2 - /13) = /l2 - /i3- 

Now, using that (i(x • y) = 9'^{d){x) • y + x • 9{d){y) for any d G 5o(C, g) and 
x,y G C, it follows that 

1 3 1 

^(ho) = -2('io + /ii + /i2 + /is), 9{hi +h2 + hs) -/iq - -(/ii + /i2 + /^a)- 

Therefore: 

^e^o) = ^(~^o - hi - h2- /13), 

6'(/ll) = ^('l0 + /ll-/l2-/l3), 

2 (6.7) 

6'(/i3) = ^(/io-/Ji -/^2 + /^3)• 
In particular, the automorphism 9 leaves invariant the Cartan subalgebra f) and 
hence induces the corresponding linear automorphism of t)* (also denoted by 9; 
recall that [) and [)* are identified through the bilinear form given by one half the 
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trace form, so that hi <-!■ for any i — 0, 1, 2, 3. Hence we just change the /ij's by 
the e^'s in the formula above). 

On the other hand, the automorphism r of C in ()6.5|) induces the automor- 
phism Lr G Autso(C, (7) which leaves f) invariant too and hence induces a linear 
automorphism of ()* (which again will be denoted too by t^): 

Lr ■■ eo^-^ eo, ei 62 1-^ £3 i-^ ei. (6.8) 

Let $ denote, as usual, the set of roots of i) in so(C, q). Then 

$ = {±ej ± : < i < j < 3}. 

The root system $ decomposes as the disjoint union $ = $1 U $2 U $3 with 

- {±£0 ± e^, ±e^' ± £,"} ({«, i', i"} = {1, 2, 3}), 

and this is the only possible decomposition in three subsets of size 8 such that for 
any two elements a, /3 in each subset, either /3 e {ia} or (a|/3) = 0. In other words, 
for any i = 1, 2, 3 and any a € $i = {±a} U {/3 € $ : (a|/3) = 0}. 

For any root a consider (see |Hum72 ', III. 10]) the corresponding reflection in ()*: 
(^aifi) = f3—{(3\a)a (note that {a\a) = 2 for any a G $). These reflections generate 
the Weyl group W. Then for i 7^ j, cr^.-g^. permutes Ci and and leaves fixed Ch for 
ft ^ while (Tci+c takes <-^- — and leaves fixed eh for /i ^ In particular 
the automorphism ir in (|6.8p equals crej-ejUej-ej, so it belongs to the Weyl group. 

On the other hand, the automorphism 6 satisfies: 

eo - ei ^^ -eo - ei 1^ £2 + £3 eo - ei, ei - ea ei - 63, 

and we get the system of simple roots 11 = {eo — ei, ei — 63, — eo — ei, e2 + £3} which 
is fixed by 9 {0(n) — 11), but where 6 permutes cyclically the 'outer' roots (this 
shows that 9 is an outer automorphism). 




Ae2 + e3 

The natural involution a, which permutes ei and 62 and sends Ui to —Ui and 
Vi to —Vi for any i, also induces an automorphism e Autso(C, g) which leaves 
invariant the Cartan subalgebra f) and induces the linear automorphism of ()*: 

eo i~> — eo, ei t-^ e^ {i — 1, 2, 3). Hence 

eo - ei -eo - ei, ei - 63 1^ ei - es, e2 + e3^e2 + e3. 

Thus to- and 9 generate the group F of diagram automorphisms of $ relative to the 
system H of simple roots. Finally, the group of automorphisms of the root system: 
Aut <& (see jHum72| §12.2]), is the semidirect product of W and F. The Weyl group 
is generated by the reflections cTg.^c^. , which induce transpositions of the elements 
in the basis {eo, ei, e2, 63} of f)* and hence generate a subgroup isomorphic to the 
symmetric group 6*4, and by the elements aa+cjO'ei-ej which changes signs to e^ 
and ej and leaves fixed e^, for i 7^ j. Then W is the semidirect product 

W ^ Z y> Si, (6.9) 

where 5*4 denotes the group of permutations of {eo, ei, e2, 63} and Z denotes the 
group generated by the linear maps : f)* — > ()* such that i^(ei) = ie^, i — 0,1,2,3 
with an even number of minus signs. Hence Z is isomorphic to {(00,01,02,03) G 
Z2 : oo + oi + 02 + 03 = 0} which is isomorphic to Zj. In particular, as it is well 
known, = 8 x 4! = 2^ x 3, and | Aut$| = |VF x F| = 2^ x 3^ 
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The elements Lr and 9 commute, so they generate a Sylow 3-subgroup of Aut $ 
isomorphic to Z3 x Z3 (the direct product of two cychc groups of order 3). 

Lemma 6.3. Aut $ does not contain elements of order 9 and any element of order 
3 is conjugated to either br, 9 or ir9. 

Proof. AW the Sylow 3-subgroups of Aut (f> are conjugated and hence the first as- 
sertion follows and any element of order 3 is conjugated to a nontrivial element in 
our distinguished Sylow 3-subgroup: (tr) x {9)- Now, this is contained in the larger 
group 

S{eue2,e3} X 5*3, (6.10) 

where S^gj^^^^^g^y denotes the permutation group of the set {ei, 62, 63} and S3 is the 
subgroup generated by La- and 9. (These two subgroups commute elementwise.) 
Note that Lr is conjugated to in Si^-,^^^^,^!}^ while 9 and 9^ are conjugated in S3. 
The Lemma follows. □ 



Consider the subgroups: 

T = {if e Autso(C, q) : (f\t, = id}, 
N ^{ipe Autso(C, q) : ip{i)) c f)}. 

Any (y9 € T is an inner automorphism |Jac79[ Proposition IX. 3], so that there is an 
element / e SO{C, q) such that ip = Lf. Since </5|f) = id, f must leave invariants the 
weight spaces of C relative to the action of f) and hence there are nonzero scalars 
/3o,/3i,/32,/?3 G such that: 

/ = diag(/3o, /3o-\ /32, /33, fi^\P2\P3^)- (6.11) 

Also, any ip N induces an automorphism of $. The corresponding homomorphism 

TT : iV — > Aut $ 

is surjective with kernel T jJac79| Chapter IX, exercise 11]. Since T is commutative, 
given any v e Aut <i> and ip G N such that n{ip) = v, the centralizer T^^^ = {ip € 
T : i/j(p = ipip} depends only on and we may write T^'^^ to denote it. In particular, 
given any permutation p of {1, 2, 3}, consider the automorphism fp of C given by 

/pfe)=e„ i = l,2, ^^^^^ 
fp{ut) = {-Ifupi^t), fp{vt) = (-l)Pwp(,), z = 1,2,3, 

where (—1)^ denotes the signature of the permutation p. Equation (|6.6p shows that 
fp is indeed an automorphism of C such that the corresponding automorphism of 
so(C, q): Lf^ : di-^ fpdfp^ is in N. Note that if p is the cycle (123), fp turns out to 
be our automorphism r in (|6.5p . The image under tt of the subgroup consisting of 
the i/j,'s is precisely the group S^^^^^^^^^y in (|6.10p . It makes sense then to consider 
T((^^)\ the centralizer in T of the transposition (12) in ^{jj^ej.ea}- 



Lemma 6.4. 

(1) The centralizer in Aut of 9 is the cartesian product S^^-^ x {±id} x 
{9). 

(2) ^''^ is an elementary 2-group. 

(3) r^^-* = T D lAutc isomorphic to the two dimensional torus (F^)^ 

(4) r(^) n T((1'2)) j5 isomorphic to the one dimensional torus . 

(5) nT(-(i'2)) IS isomorphic to the one dimensional torus F^ 

(6) T^'-^^ IS finite. 
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Proof. Since Aut<i> = x F and Ccntrr(f?) = (0) (Centre denotes the centraHzer 
in the group G), for (1) it is enough to compute the centrahzer Central/ (^) in the 
Weyl group W of 9. Note that 9 fixes the elements ei — £2 and 62 — €3 (see ()6.7p ) 
and the subspace Feo + F(ei + £2 + £3), and the minimal polynomial of the action on 
9 on this subspace is X'^ + X + 1. Hence any element 7 e which commutes with 
9 must leave invariant the subspaces F(ei — £2) +F(e2 — £3) and Feo + F(ei +£2 + £3)- 
The interpretation of the elements of W as permutations of {eo, ei, £2, £3} followed 
by "even sign changes" (see dHU])) proves (1). 

The automorphism —id of Aut <f> is the image under tt of the conjugation by the 
order 2 automorphism ex of C given by 

ex(ei) — 62, ex(ui) — Vi [i = 1, 2, 3), ex^ = id. 

With / as in (|6.1ip . t/iox — icxi/ if and only if /oex = ± exo/, and this is equivalent 
either to the condition e {±1} for i = 0, 1,2,3, or to the condition Pi S {±$} 
for i = 0,1,2,3, with ^"^ = 1 ^ Therefore T^"*'') is generated by the order 

2 elements t/, with / = diag(/3o, /3(7\ /^i. /32, /33, /3r\ /^2'^ /^s"^) and {Po, Pi, (32, Pa) 
equal to either (1, —1, 1, 1), (1, 1, —1, 1), (1, 1, 1,-1) and (^, ^) (note that for 
{Po, /3i, /32, Ps) = (— 1, — 1, — 1, — 1) the associated i/ is the identity), and hence it is 
isomorphic to Z|. This proves (2). 

The fact that T^) = T n tAut c follows from part (4) of Proposition 16.21 (note 
that the automorphism group of the octonions and of the para-octonions coincide) . 
Now, with / as in (|6.1ip . / is an automorphism of C if and only if /3o = 1 (as /(ei) 
must be an idempotent too) and P1P2P3 — 1- Therefore 

T n LAutc = {if ■■ f = diag(l, 1, a, p, {aP)-\a-\ p-\aP), a, /3 G F><} 

and (3) follows. Now, for item (4) we must check which elements in T n tAutc 
commute with the automorphism Uf^^ ,j if {1,2} as in ^J^), and for item (5) with 
the automorphism icx''/(i 2) ; and it easily follows that 

py((i,2)) ^ {^^. . J ^ diagil, I, a, a, a-^,a-\a-\a'^), a e F^}, 

and 

j^ie) ^j.i-{i.2)) ^1^^ : / = diag(l,l,a,a-\l,a-\a,l), aeF^}. 

Finally, Lr9 is the triality automorphism 9r (Proposition l6.2p and hence T^'^^^ = 
Tn ^Autc^- Let / be as in (|6.11|1 . then i/ G T^'^^^ if and only if (changing / to — / 
if necessary, see the proof of item (4) of Proposition 16. 2p / £ Aut Cr- In this case 
/(ei * ei) = /(e2) = Po^e2, but /(ei) * /(ei) = P^e2, and hence P^ = 1. Now, 

/(ei * vi) = f{e2V3) = -fivs) ^ -P^^vs, 

/(ei) * f{vi) = PoPi'^ei *vi = -PoPi^vs, 

so Pi = P0P3 and P2 = PoPi, Ps = ;9o;92 too. Also, 

/(til * Ml) = /('U2M3) = /(i^i) = /^r^'^^i' 

/(?ii) * /(ui) = * ui = 

so that = 1, and also /3| = 1 = Hence T^'^-") is finite. □ 

We will need the following general result. It can be deduced too, as in |DMVpr| , 
from conjugacy results in algebraic groups. 

Lemma 6.5. Let g = (Bg^GSg be a grading of a finite dimensional semisimple 
Lie algebra q. Then there is an homogeneous Cartan subalgebra of q (that is, 
I) — 0ggG(f) ngg)j such that t) n 00 *s a Cartan subalgebra of Qq. 
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Proof. We may assume that G is the group generated by the support of the grading 
and hence, in particular, that G is finitely generated. The proof will be done by 
induction on the number of generators. Let g S G be a generator with G = (g) x G' 
for a subgroup G'. 

If the order of 5 is infinite, then g = ®iez0[i], with g^jj = J2g'eG' Sig+g' ■ This 
gives a Z-grading of g. The grading derivation d e Oerg such that d{x) = ix for 
any x G is inner (as g is semisimple) and hence d = ad^ for some z € g[o]. 
Since the Killing form of g is nondegenerate, the subalgebra g[o] is reductive and 
any element in its center .^(g[o]) is ad-diagonalizable. Hence gjoj = -^(gfo]) ©s with 
•S = [S[o])0[o]]- Note that s is G'-graded. The induction hypothesis allows us to find 
a Cartan subalgebra [)' of s which is homogeneous and such that i)' DSq is a Cartan 
subalgebra of 5o- Then t) = .Z'(g[o]) f)' is an homogeneous Cartan subalgebra of g, 
and go = ^(g[o])o ® Sq, so f) n go is a Cartan subalgebra of go- 

Otherwise g has finite order, say to, and hence g = ®™o^0[i] with g[i] = 
(Bg'eG'Qig+g' ■ Note that g^o] 7^ 0, otherwise the elements of g^ij would be ad- 
nilpotent and [g[i] , g[m-i]] — 0, which would imply that K(g[i],g) — [k denotes 
the Killing form) and g[i] = 0. This forces the elements of Q[2] to be ad-nilpotent 
(for any x G g[2] and y £ g[i], there is an r such that ad^(?/) G g^o] + 0[i] = 0). As 
before, we would conclude that g[2] = 0, and so on (see [KacQOl Lemma 8.1]), thus 
getting a contradiction. Again gjoj — ^(g[o]) ffis is a reductive subalgebra as before 
and there is a Cartan subalgebra f)' of s such that f)' n 5o is a Cartan subalgebra 
of So- Consider f)[o] = ^(flfo]) © ^' ■ This is an homogeneous ad-diagonalizable sub- 
algebra of g and a Cartan subalgebra of g[o]. Let c be its centralizer in g, which is 
homogeneous too. On the other hand, f)[o] is contained in a Cartan subalgebra f) of 
g, which is abelian (g is semisimple) so f) C c and hence f) is a Cartan subalgebra of 
c. Thus there is the root decomposition of c: c = f) © {®{aG'S>:a(t)[o])=o}3a), where 
$ denotes the root system of f). In particular the Killing form restricts to a nonde- 
generate form on c and c = f) + [c, c]. If different from 0, the semisimple subalgebra 
[c, c] is homogeneous and [c, c] n gjoj C c n g^o] = f}[o]- But we have f)[o] C Z{c). 
Hence [c, c] n gjoj = and we conclude as before that [c, c][i] = and, eventually, 
[c, c] = 0. Therefore f) = c is a Cartan subalgebra of g such that t) n go is a Cartan 
subalgebra of go- □ 



We are ready for a proof of the main result of this section (see |DMVpr| ). Let us 
denote by R the associative algebra EndF(G) ~ Matg(F) and by * the orthogonal 
involution associated to the norm q of the octonion algebra G. 

Theorem 6.6. Let M be a MAD in Autso(G, g). Then either it is conjugated to 
a MAD in Aut(i?, *) or it contains an order 3 outer automorphism. 

Proof. By Lemma 16.51 there is Cartan subalgebra f) of so(G, g) such that M is 
contained in {(p G Autso(G, 9) : (p{i)) C [}}. Since all the Cartan subalgebras 
are conjugated we may assume that () is the Cartan subalgebra of diagonalizable 
endomorphisms in so(G, q) relative to our basis S of G in (j6.ip . 

Consider the projection tt : N ^ Aut <& — W» S3. If 7r(M) were contained in 
W X {l„9') for some i = 0, 1, 2, then as n[e'M9~') CW x (t^), we have that M is 
conjugated to O'^MO^"^, which is contained in iso(c.q) ^ ('•ct) = ''0(c,q) — Aut(i?, *). 
Therefore we may assume that 7r(M) contains elements of order 3, not all contained 
in W . Lemma l5751 shows then that, after passing to a conjugate of M if necessary, we 
may assume that M contains and element g such that either ■n{g) = 6 or Tr{g) — LrO. 
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In the latter case: TT{g) = trO, we have M (IT <- T'^'-^^\ which is finite (Lemma 
I6.4p . but then, with </? = LtO, the map 

(FX)4 — , t'^v) = {teT -.tip^^t} 

where t — if with / — diag(/3o, /3i, /?2, /^a, /3;f /3^"'^, is a continuous map 
(in the Zariski topology) of the torus (F^)* (connected) into the finite (and hence 
discrete) group T'^'-f\ Hence this map is constant and thus t{ipt(pt~^){ip'^t(p~^) = id 
for any such t. But g = tip for some t € T and hence 

= t{iptip^^){ip'^tip^^)ip^ = ip^ = id, 

and M contains the order 3 automorphism g, which is outer, as it induces the auto- 
morphism LrO in Aut $, which docs not belong to W . (This argument is borrowed 
from .DMVprj .) 

In the first case: 7T{g) = 9, since 7r(Af ) is an abelian subgroup of Aut($) contain- 
ing 6, it is contained in S'^^j^ g^.ea} ^ {±id} x (9) (Lemma 16. 4p and we may assume 
that its projection in S'^gj^ g^.ea} does not contain elements of order 3 (otherwise 
both Lr and 9 would belong to tt{M) and hence Lr9 would belong to 7r(Af), a case 
already dealt with). After a cyclic permutation of the indices i = 1,2,3 we may 
assume that 9 S 7r(M) C ((1,2)) x {±id} x {9), and hence there are the following 
possibilities: 

7riM) = (9), {-td,9), ((1,2),0), (-(1,2),^) or ((1, 2), -irf, 0). 

But since M is a maximal abelian diagonalizable subgroup of Aut so (C, q), MnT = 
n,.G7r(M)T'''^- If -id G 7r(M) then MOT C T^"^^) which is a 2-group (Lemma 
EID, so that M is finite of size \M n T||7r(M)| = 2™ x 3 for some m, it follows 
that M contains an order 3 element, as required. Otherwise tt{M) = (9), ((1, 2), 9), 
or (— (1,2),0), and Lemma [6.41 shows that M n T is a torus. But M is the direct 
product of the connected component of 1 and a finite group: M — x F (see 
|Hum751 §16.2]), and M n T is connected, so M n T C M°. It follows that the 
order of F divides the order of 7r(M) = M/M n T which is 2™ x 3 for some m. 
Again, since 7r(M'') = {id} as M° is connected, this means that there is an order 
3 element in F which projects onto 9. □ 

The classification, up to conjugacy, of the MADs containing order 3 outer auto- 
morphisms is now easy (see [DMVpr) ) : 

Theorem 6.7. Up to equivalence, there are exactly three fine gradings of the Lie 
algebra S08(F) whose associated MAD contains an outer automorphism of order 3. 
Their universal grading groups and types are the following: 

• A 1? x. "E^-grading of type (26, 1). 

• A Z^x Z^-grading of type (14, 7). 

• A Z\-grading of type (24,2). 

Proof. Let M be a MAD containing an outer automorphism of order 3. According 
to |Kac90| Chapter 8], there are, up to conjugacy, only two such automorphisms, 
namely 6 with fixed subalgebra Oer C, or LtO = 9r with fixed subalgebra Oer Cr (the 
Lie algebra of derivations of the pseudo-octonion algebra) . Proposition 16.21 shows 
that in the first case [9 G M), M is contained in the centralizer of 9 in Aut so (C, g), 
which is tAutc x (^), and in the second case {9r G M), M C l^^^c^ ^ (^r)- 

Hence, by maximahty, M = M' x (9) or M = M" x {9r) for a MAD M' 
in Aut C or a MAD M" in AutC'.r- There are, up to equivalence, just two fine 
gradings on C, with universal grading groups and (see |Eld98| or [Eld09b| ). 
The first one gives the Zj x Za-grading of type (14, 7) which has been considered in 
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[Eld09bi Proposition 5.9], while the MAD of the second case is precisely T^^^ x {6) 
in the notation previously used in this section. As the eigenspaces for the action 
of 9 on 5o{C,q) are OerC and two copies of the natural module Cq = {x G C : 
qix^l) = 0} for OerC, the action of T^^^ on each such eigenspace is the weight 
space decomposition for the Cartan subalgebra f) n OerC. It follows that its type 
is (26, 1). Also, r'^) contains the element with — diag(l, 1, 1, w, w^, 1, w^, w), 
for a primitive cubic root w of 1 (see |Eld09b l (3.24)]). The element Lt^O is an outer 
automorphism of order 3 in Autso(C, g) with fixed subalgebra OerC,,^. But C^^ is 
(isomorphic) to the pseudo-octonion algebra. Hence this MAD may be described 
too as T^'-'^^^ X {it^O) = T'^^^^^ X {9rJ)^ and contains an outer automorphism of the 
second type. 

Finally, if M is a MAD of the form M" x {Or), M" gives a fine grading of the 
pseudo-octonion algebra and there are two possibilities "Eld09b', Remark 4.6]: a Z|- 
grading or a Z^-grading. The latter one gives a Z^ x Za-grading of so(C, q) already 
considered (it is conjugated to T'^^^'^^ x {OrS) above), while the first one gives the 
fine Z|-grading of type (24,2) in [Eld09bi Proposition 5.10]. Alternatively, the 
pseudo-octonion algebra can be defined (as was done originally in [Oku78| ) on the 
space of trace zero 3x3 matrices and, as such. Ant Cr — AutMat3(F). Theorem 
12 .101 gives the two possible gradings over Z| and 1? (see |Eld09b[ Remark 4.7]). □ 

In order to finish the classification of the fine gradings of S08(F) up to equivalence, 
note that if M is a MAD in AutS08(F), Theorem l6 . GI shows that either the associated 
grading is one of the 15 gradings in Example l3.22l or one of the three fine gradings in 
Theorem l6.7l The 15-gradings are indeed fine, as otherwise, they could be extended 
with the use of some order 3 outer automorphism and this is not possible according 
to the possibilities in Theorem 16.71 Among the 15 gradings in Example 13.221 there 
are three of them which share the same universal group: 



Fq : The Zj x Z4-grading of S08(F) ~ K{R, *) with invariant [(Q, Tq), (1, 1, 1, qi)] 
in the notations of SectionlHl This corresponds to the identification of i? = Mat8(F) 
with EndQ(V^), where is a graded Q-module of dimension 4 with a good basis 
{wi, W2, f3, W4} and a hermitian form relative to Tq, B : V x V ^ Q, such that the 
basis above is orthogonal and B{vi,Vi) = 1 for i = 1,2,3 and B{v4,V4) — qi. The 
involution * is given by B{rv,w) = B{v,r*w) for any r € and v,w £ V. Besides 
deg(wi) = gi for any i, with gi = 0, and 2g2 — 2,93 = 2^4 + hi = Q (see (|3.12p V 

Note that {Eu q)* =Eii®q^° for i = 1, 2, 3, while (i?44 ® q)* = E44 ® qiq'^°qi. 
Then with K — K{R, *), Rq = Ylt^i -^a ® ^ dimension 4 and Kq = 0, and for 
h e H ~ Supp Q (recall hi — deg{qi), i ^ 1,2,3), Rh — J2i=i ® Qh and hence 
= 0, = E44 (g) ¥q2 and Kh^ = ^ ^13- the other homogeneous 

spaces in R have dimension 2, and their intersection with K have dimension 1, so 
that the type of this grading in K is (25, 0, 1). 

I Fi | : The Z^ xZ4-gradingof S08(F) ~ K{R, *) with invariant [{Q, Tq), (1, 1, qi,qi)]. 
This corresponds to the identification of i? = Mat8(F) with EndQ(V^), where is a 
graded Q-module of dimension 4 with a good basis {vi, v^, W3, W4} and a hermitian 
form relative to Tq, B -.V Y.V Q, such that the basis above is orthogonal and 
B(vi,Vi) — 1 for i — 1,2 and B{vi,Vi) — qi for i = 3,4. The same arguments as 
above gives that dim — dim Kh^ = 2 and all the other nonzero homogeneous 
spaces have dimension 1. Hence the type of the grading is (24, 2). Here deg{vi) = g^ 
with gi — and 2g2 = 253 + hi — 2g4 + hi = 0, and the grading group is generated 
by the elements 33,32,53 — gi,h2 whose orders are 4, 2, 2, 2 respectively. The 
subalgebra Kq oi K — K{R, *) spanned by the homogeneous subspaces Kg with 
23 = is spanned by the homogeneous subspaces: 
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• Kh, = {¥E^i + FS22) (8) 53, Kh, = (Fi;33 + FS44) ® 92, 

• Kg, = ¥{Ei2 - E21) ® 1, Kg,+h, = ¥{Eu - E21) ® qi, Kg,+h, = F(£;i2 - 

E21) <E) 92, ^32+^3 = ^iEl2 + E21) ® 93, 

• Kg^^g^ = ¥{Em - E43) (g) 1, Kg^_g^ + h^ = ^iEsi " £^43) (g) Ql , Kg^^g^+h, = 

¥{E34 + E43) «) 92, Kg,^g,+h, = ¥{E34 - E43) «) 93- 

This subalgebra Kq is the direct sum of four ideals, ah of them isomorphic, as 
ungraded algebras, to s[2(F), namely: 

51 = span{(£:ii + E22) «> 93, {E12 - E21) (81 91, iEi2 - E21) 92} , 

52 = span {(£^11 - £22) «> 93, {E12 - £21) «> 1, {E12 + £21) «> 93} , 

53 = span {(£33 + £'44) (8) 92, (£34 - £^43) <8 91, (-E34 - £^43) <8 93} , 

54 = span {(£33 - £44) «) 92, (£34 - £43) 8) 1, (£34 - E43) 92} . 

Note that Kh, © Kh^ is a Cartan subalgebra of g = S08(F) = K{R, *), and that the 
basic elements 



(£11 + £22) (8 93 and (£11 - £22) <8 93 of Kh^ 
(£33 + £44) (8 92 and (£33 - £44) (8 92 of Kh, 



(6.13) 



are the only elements of K^^ and Kh,, up to multiplication by scalars, which are 
obtained as a product of homogeneous elements of Kq. 

Let us compute the associated MAD subgroup Mi = Diagp^(i?). With the 
arguments in the proof of Theorem 13 . 171 any ijj Mi is given by conjugation by an 
element a of the form a = {En + aE22 + PE33 + 7£44) (8 d, for an homogeneous 
element d E Q. The fact that V' commutes with * is equivalent to the condition 
aa* = 1 (after scaling a if necessary), that is: 

dd^" = 1, a^dd''" = 1, P^dqid'^-qi = 1, j^dqid'^-qi = 1, 

so that we may take (as we may scale the element a) d to be qi for i = 0,1,2,3 
(with 9o = 1) and then a G {±1} and either /3, 7 € {±1} if d = 1 or d = 91, or 
/3,7e{±e}if(i==92or(i = 93 where e is a primitive fourth root of 1. 

Note that if a € Matr(F), b G Mats(F) and we consider the Kronecker product 
Matr5(F) = Matr(F) 8) Mats(F), then det(a 8) 5) = det(a)'' det(6)''. (It is enough, 
by Zariski density, to consider a and b diagonal matrices and the result is clear.) 

Hence, with a as above, a G Mat4(F) (8 Q ~ Mat4(F) (8 Mat2(F) ~ Mat8(F) and 
we have 

det(a) = {al3jf{detdf = a^ij3^f{detdf = (±1)^ = 1. 

Therefore aa* = 1 and deta = 1. Thus ipi^) — axa^^ is an automorphism in the 
connected component (as an algebraic group) = lso{8) of G = AutS08(F). We 
conclude that the associated MAD Mi is contained in G°. 



The X Z4-grading of S08(F) ~ K{R, *) with invariant [((^'^^T|'2), (1 8) 
1, l8)9i)]. This corresponds to the identification of i? = Mat8(F) with FiudgmiV), 
where F is a two dimensional graded module over the graded division algebra Q*^^, 
with a good basis {vi,V2} which is orthogonal for a hermitian form relative to 
Tf2, B : V X V ^ Q, such that B{vi,vi) = 1 (8 1 and B{v2,V2) = 1 (8 91. It 
turns out that again the type of the grading is (24, 2) and the subalgebra Kq of 
K = K{R,*) ~ s 08(F) spanned by the homogeneous subspaces Kg with 29 = 
is a direct sum of four copies of s[2(F) with the same properties as for Fi. Also 
Diagp^ i? is contained in G" — iso{s) Actually, any V' G Diagp2(-R) is given by 
the conjugation by an element a — {En + aE22) 8) {qi 8) qj) (0 < i,j < 3) with 
= 1 if (9i9j''°)(9j9j°) = 1 and = 1 ^ if {qiqj''){qjq']'') = -1. Hence 
deta = Q'^(dct 9i)'*(dct 9j)^ = 1. 
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Since Tq is of type (25,0,1), while the type of both r2 and T3 is (24,2), it is 
clear that Tq is not equivalent to Fi or r2 in AutS08(F). However, although Fi 
and F2 are not equivalent as *-gradings of R (actually dimi?o = 4 for Fi, while 
dim_Ro = 2 for r2), we have the following result: 

Proposition 6.8. Up to equivalence, there is a unique fine grading of 50s{^) with 
universal grading group x Z4 and type (24,2). In other words, the gradings Fi 
and F2 o/s08(F) are equivalent. 

Proof. Consider the MADs Mi and M2 in G = Aut 508(F) associated to Fi and F2. 
We have already checked that Mi and M2 are contained in G° — iso(8) — PSO{8), 
the connected component of G containing the neutral element. Also, G is the 
semidirect product of the normal subgroup G" and the subgroup 5*3 generated by 
La and 9 (see ProDOsition l6.2p . Then G contains exactly three subgroups of index 3 
containing G", namely the subgroups G' generated by G° and by l^O'^ {i = 1,2,3) 
and note that we have G^ = i-o(c,q) , which can be identified to Aut(i?, *). Let f £ G 
be an element in the normalizer of Mi: f G Ni := NormG(Mi), i = 1,2. Then / 
either fixes or permutes the two homogeneous subspaces of F^ of dimension 2 and 
hence fixes each one of these homogeneous subspaces. Moreover, induces a 
permutation in each of these subspaces of the two one-dimensional subspaces (see 
(|6.13p ) which can be obtained as the product of two homogeneous spaces in Kq. In 
particular fixes each one of these one-dimensional spaces: denote by /ii, /i2, /i3, /i4 
the generators of this subspaces and by f) the subspace they generate (it is a Cartan 
subalgebra of S08(F)). The eigenvalues of the action of each hi on Kq are Ui, —ai, 
for some 7^ € F (recall that Kq is a direct sum of four copies of s[2(F)), and 
hence necessarily we have f^ihi) — ±hi for each i = 1,2,3,4. We conclude that 
belongs to the subgroup {g £ G : g\tf = id} which is a torus isomorphic to 
(F^)* as it is the subgroup that fixes elementwise a Cartan subalgebra, and hence 
it is conjugated to our previous T (see ()6.11|) ). In particular is contained in 
G°. Since G/G^ is isomorphic to S^, it turns out that NiG^ /G^ is either trivial or 
a group of order 2 and hence Ni is contained in Gj. for some ji = 1,2,3. Hence 
M[ = e^^MiO-'^ and = 9'^M2e-^^ are two MADs both contained in G° (as G° 
is a normal subgroup of G) and with normalizers N[ and N2 contained in G"^. 
We are left with two cases: 

• If M[ and M2 are conjugated in G^ we are done: Mi and M2 are conjugated 
an hence Fi and F2 are equivalent. 

• Otherwise, M( and are representatives of the MADs associated to the 
two Z2 X Z4-gradings of type (24, 2) in S08(F) inherited from *-gradings of 
R = Mat8(F). But then 9M[e-^(C G° C G^) is conjugated to either M{ 
or M2 in G^ = Aut(i?, *). If 9M{9~^ were conjugated to M{, there would 
exist ?A e G^ such that 9M[9-^ = V'M(V"\ so that ip-^9 e N[ C G^, a 
contradiction since ip £ G'^ but 6 ^ G^. Therefore, 9M[9~^ is conjugated 
to M2 and hence Mi and M2 are conjugated. 

□ 

The next result summarizes the classification of the fine gradings on 508(F). 

Theorem 6.9. Up to equivalence, there are 17 fine gradings of the simple Lie 
algebra S08(F). Their universal grading groups and types are the following: 

(1) Z^ (Cartan grading), of type (24,0,0,1), 

(2) Z^ X Z2 of type (25,0,1), 

(3) Z2 X of type (26,1), 

(4) Z X 0/ type (28), 

(5) Zl of type (28), 
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(6) Z^xZi of type (20,4), 

(7) ZxZi of type (25,0,1) 

(8) Z X Za X Z4 o/ type (24, 2), 

(9) Z: 



i o/iype (24,0,0,1), 



(10) Z^ X Z4 of type (25,0,1), 

(11) Zf X Z4 o/ti/pe (24,2), 

(12) Z2 X Z| o/type (26,1), 

(13) Z X Z| of type (28), 

(14) Z6 of type (28), 

(15) Z2 XZ3 o/<2/pe (26,1), 

(16) Z3 XZ3 of type (14,7), 

(17) Zi o/type (24,2). 

Proof. This is just the collection given in Example 13.221 with the two gradings 
over Z2 X Z4 of type (24, 2) appearing as the same grading because of Proposition 
16.81 plus the three extra gradings in Theorem 16.71 The computation of the types 
is straightforward, along the same lines used in the computation with the r.^'s, 
i = 0,1,2. □ 
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